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The present and future challenges that humanity is facing regarding consump-
tion and supply of energy constitute the context of this research. The technology in which 
we are interested is the fuel cell, mainly because of its high eﬃciency for the conversion 
of fuels into electricity and heat. More specifically, the types of fuel cell considered are 
solid-oxide (SOFC) and polymer electrolyte (PEFC) fuel cells. 
To take part in the reduction of the consumption of fossil fuels and of the emissions of 
greenhouse gases and of pollutants, fuel cells should first become a more aĴractive 
alternative technology. The finality of this study is hence to tackle remaining obstacles 
hindering their large-scale commercialization; namely, to reach a balanced and com-
petitive combination of production cost, lifetime, and density of performance.  
The originality of this research lies in the simultaneous tackling of these challenges via 
the management of uncertainties during the design of fuel cell stacks. The approach is 
hence to take actions “upstream” rather than “downstream”. Particularly, a novelty is 
to account for the eﬀect of the manufacturing variability on the homogeneity of the per-
formance and on the related risk of degradation, or even failure. We focus on dimen-
sional tolerances of the parts whose function is to distribute the flows as homogene-
ously as possible into the fuel cell. The technical objective is to find a robust optimal 
solution, i.e., a solution which is optimal also in terms of a lowered sensitivity to im-
perfections, such as geometrical distortions. 
Besides, this research also deals with the challenges associated with the management 
of uncertainties in the context of combining optimization of geometries (design) and mod-
elling based on computational fluid dynamics (CFD). Taken alone, these techniques were 
proven to be powerful tools of analysis and of synthesis. They are however computer 
intensive. When used together, the insight they can oﬀer is even greater, but we face, 
even with today’s high-performance computing (HPC) infrastructures, the dilemma of 
accuracy versus tractability, which is even more problematic in the context of uncertainty 
management as will be shown. 
Therefore, eﬀorts were dedicated to find ways to unravel this dilemma, in the prospect 
of achieving the optimization, under uncertainty, of the design of fuel cells. In partic-




The results of this research relate to both methodology and technology. Among the 
methodological results, surrogate models are evaluated in the prospect of their use 
(tractability vs. accuracy). Guidelines are given for the management of uncertainties in 
this context, and for future researches. 
From a technological point of view, it was shown, first, that accounting for dimensional 
tolerances in the design of fuel cells is crucial. Then, the eﬀect of these uncertainties 
were quantified, giving clearer insight on the best ways to deal with them. Last but not 
least, optimization of the design was carried out accounting for the uncertainties. De-
terministic optima were compared with stochastic optima, revealing weaknesses of the 
deterministic approach and potential for improvements of the designs when consider-
ing, quantitatively, the uncertainties. 
Last, and maybe more important, while conducting these investigations, we were able 
to raise numerous original (or re-formulated) questions, giving birth to novel tracks for 
improvements and to a fertile ground for further researches. 
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Les défis présents et futurs auxquels l’humanité fait face en matière de con-
sommation et d’approvisionnement en énergie constituent le contexte ce ceĴe recherche. La 
technologie qui nous intéresse est la pile à combustible, principalement en raison de sa 
haute eﬃcacité pour la conversion de combustibles en électricité et en chaleur. Plus 
spécifiquement, nous avons considéré les piles à combustible à oxyde solide (SOFC) et 
à électrolyte en polymère (PEFC). 
Afin de participer à la réduction de la consommation de combustibles fossiles et des 
émissions de gaz à eﬀet de serre et de polluants, il est nécessaire que les piles à com-
bustible deviennent une technologie alternative plus aĴractive. La finalité de ceĴe 
étude est ainsi de s’aĴaquer aux obstacles freinant leur commercialisation à large 
échelle. Il s’agit de parvenir à une combinaison compétitive et équilibrée en terme de 
coût de production, de durée de vie, et de densité de performance. 
L’originalité de ceĴe recherche réside dans le fait que ces défis sont relevés simultané-
ment via la gestion des incertitudes durant la conception de la pile à combustible. L’ap-
proche est ainsi de prendre des mesures en amont plutôt qu’en aval. En particulier, une 
innovation consiste à prendre en compte les eﬀets de la variabilité de fabrication sur 
l’homogénéité des performances et sur le risque connexe de dégradation, voire de dé-
faillance. L’accent est mis sur les tolérances dimensionnelles des pièces responsables 
de la distribution, aussi homogène que possible, des écoulements à l’intérieur de la pile 
à combustible. L’objectif technique est de trouver un optimum robuste, c’est-à-dire une 
solution qui soit optimale aussi en terme d’une sensibilité minimum aux imperfections, 
telles que des distorsions géométriques. 
Par ailleurs, ceĴe recherche traite aussi des défis associé à la gestion des incertitudes 
dans le contexte de la combinaison d’une optimisation géométrique et d’une modélisation 
basée sur la simulation numérique des fluides (CFD). Prises séparément, ces techniques 
ont fait leurs preuves comme outils d’analyse et de synthèse performants. Elles sont 
néanmoins gourmandes en ressources de calcul. Utilisées conjointement, elles permet-
tent encore plus de clairvoyance, mais nous faisons alors face, même avec les infras-
tructures de calcul à haute performance contemporaines, au dilemme de l’exactitude 
contre la faisabilité (solubilité), qui est encore plus problématique dans le contexte de la 
gestion des incertitudes, comme nous le montrerons. 
Résumé 
xii 
En conséquence, des eﬀorts ont été entrepris pour résoudre ce dilemme, dans la pers-
pective de l’accomplissement de l’optimisation, sous incertitudes, de la conception de 
piles à combustible. En particulier, l’utilisation de modèles approximatifs de substitu-
tion a été examinée, notamment les techniques de modélisation d’ordre réduit et de 
méta-modélisation. 
Les résultats de ceĴe recherche ont donc trait à la fois à la méthodologie et à la techno-
logie. Parmi les résultats méthodologiques, des modèles de substitution ont été évalués 
dans la perspective de leur utilisabilité (solubilité contre exactitude). Des recomman-
dations sont données pour la gestion des incertitudes dans ce contexte, et pour des 
recherches ultérieures. 
D’un point de vue technologique, nous montrons, en premier lieu, que tenir compte 
des tolérances dimensionnelles lors la conception des piles à combustible est crucial. 
Deuxièmement, les eﬀets des incertitudes ont été quantifiés, permeĴant de donner un 
aperçu plus clair des meilleures moyens pour les aĴénuer. Enfin et surtout, l’optimisa-
tion de la conception a été réalisée en tenant compte des incertitudes. Des optima dé-
terministes sont comparés aux optima stochastiques, révélant les faiblesses des pre-
miers et le potentiel d’amélioration de la conception lorsque l’on prend en 
considération, quantitativement, les incertitudes. 
Enfin, et peut-être plus important encore, en conduisant ces investigations, nous avons 
pu soulever de nombreuses questions inédites, donnant naissance à de nouvelles pistes 
d’amélioration et à un terreau fertile pour de futures recherches. 
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“The whole problem with the world is that fools and 
fanatics are always so certain of themselves, 
 and wiser people so full of doubts.” 






À tous ceux qui ont cru en moi. 





The following text is an excerpt from “This Thing For Which We Have No 
Name — A Conversation With Rory Sutherland”, in Edge.org [1]. Since I read it during 
the elaboration of this thesis, I cannot tell it inspired me for the subject. I was already 
interested in uncertainties. But, in my opinion, these few words strikingly point out 
why uncertainty is a maĴer of interest; not only for fuel cells, and even from a philo-
sophical perspective. 
 
“[W]e think there is such a thing called perfect reason. That we should be 
able to deploy reason and logic in every decision we make, when most of the 
time we simply don't have enough information to do so or the cost of ac-
quiring that information will be absurd, or the information is not available 
in a comparable form. You know, it's very difficult — weighting. If you're 
looking at three or four variables in parallel when buying a car, what rela-
tive weighting do you attach to things? Are they linear? Are they even sort 
of monotonic in terms of how we perceive them? 
[...] 
First and foremost, let me give you a business example. The single best thing 
the London Underground did in terms of improving passenger satisfaction 
per pound spent wasn't faster, more frequent, later running trains, it was 
putting dot matrix display boards on the platform to tell you how long you 
were going to have to wait for your next train. There's something about the 
human brain, for whatever reason, which hates uncertainty. That's an in-
teresting case because if you research how can you improve the Under-
ground, most people would have said, "I want faster trains. I want more 
frequent trains." They would not have said, "I want less uncertainty.” […] 
And you're both happier, you make better use of the time but you're also 
vastly less stressed in that period. Now, simply knowing that is really, really 
important. We don't like uncertainty.” 
 




Structure of the document 
This thesis involves several fields, which are interlaced. Most of the readers 
will be specialized in one of them and have less knowledge of others. Therefore, we 
have tried to achieve a good balance of providing the right information. Furthermore, 
the ideas cannot be developed in all the necessary details sequentially, since some de-
pend on others, and since it would impinge the understanding of the broader chains 
of reasoning. So, as much as possible, the document is decomposed by first giving 
overviews of the ideas, then dwelling progressively into details, and by relying on 
cross-references to relevant parts of the document. 
The first part of the document will mostly discuss the methodology and its elaboration. 
Intermediate results will be presented to support the decisions that were taken. Since 
the methodology is a compound of several techniques, I chose to organize and divide 
the discourse according to these blocks. Interactions between them will be emphasized 
were appropriate. 
The main techniques used are: numerical (flow) modelling, sensitivity analyses, design 
and analysis of computer experiments, sampling, statistics, uncertainty quantification, 
surrogate modelling, optimization, and the particular case of optimization under un-
certainty. Several methods and sub-methods exist for each of these general techniques. 
They will be presented in more or less detail, depending on their usage in the frame of 
this thesis. 
Remark: 
For the sake of brevity and legibility, the trademarked and registered names of prod-
ucts or companies are shortened to their simpler form and put in small capitals. As an 
example, ANSYS® Fluent™ becomes ANSYS FLUENT, or simply FLUENT. 
Almost all references to places in the document can be accessed with an hyperlink. 
When you hover the mouse over one cross-reference, the cursor will change shape.. 
Words or phrases in bold italics are defined in the Glossary & index, p. 309. 
 
 
Structure of the document 
xviii 
Chapter 1 — Introduction 
Overview, context, motivations, objectives, originality, scope, and technological back-
ground of the thesis. 
Chapter 2 — State of the art 
Literature review regarding fuel cells, especially numerical modelling, design optimi-
zation, manufacturing uncertainty, general overview of methods and techniques for or 
related to the optimization under uncertainty. Highlight where and how this thesis 
contributes to fill a gap in the “state-of-the-art”. 
Chapter 3 — Description of the problem 
Emphasis on the challenges that we meet when tackling the problem 
Chapter 4 — Modelling approaches 
Presentation of the main modelling blocks and assumptions regarding the physical 
phenomena and the stochastic processes. 
Chapter 5 — Sensitivity to simulator’s attributes 
Study of the eﬀect of simulator’s aĴributes on the tractability and on the accuracy. The 
main goal of this chapter is to answer the question: how to build a simulator suitable 
for optimization under uncertainty of the design of fuel cells? 
Chapter 6 — Sensitivity to decision variables 
Study of the eﬀect of controllable variables on performance indicators of fuel cells. The 
main goal of this chapter is to answer the question: which are the most significant var-
iables for the evaluation of fuel cells “quality”, that should therefore be chosen as de-
cision variables in the subsequent optimization? 
Chapter 7 — Characterization of the uncertainties 
This chapter presents the characterization that was carried out for the input uncertain-
ties, from experimental measurements to their interpretation in the form of statistical 
data, and resulting modelling as probability distribution functions. 
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Chapter 8 — Propagation of the uncertainties 
Study of the eﬀect of the input uncertainties on the outputs. Focus on geometrical dis-
tortions. 
Chapter 9 — Optimization under uncertainty 
Case studies of optimization of the design of fuel cells. From deterministic to stochastic 
optimization. Quantification of the uncertainty of the deterministic solution. Compar-
ison and analysis of various scenarios. 
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“Computers are capable of delivering wrong answers 
to high degrees of precision if care is not exercised.” 
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Introduction 
Several levels of goals, of challenges, of trade-offs, and of choices. 
The context, motivation, and objectives of this research are introduced going from the 
general situation to the particular problem. More details and references to the literature 
are progressively given to justify why the research topic is relevant and why the ap-
proach chosen to address it is original. A more extensive literature review is done in 
Chapter 2. 
Words or phrases in bold italics are defined in the Glossary & index, p. 309. 
1.2 Overview of the thesis 
This section gives a brief overview of the context, motivations, objectives, and means 
of this thesis. More extensive developments are given afterwards. 
1. Context 
Fuel cells allow an eﬃcient conversion of hydrogen and hydrocarbon fuels into elec-
tricity and heat. This quality should help preserve our environment. 
2. Motivations 
Fuel cells have lots of advantages, making them a promising technology for the con-
version of energy. Despite this, they are not yet a fully viable alternative to legacy tech-
nologies. Apart from reducing the production cost of fuel cell stacks, enhancing both 
their long-term reliability and their durability of performance count among the major 
challenges to achieve their large-scale commercialization. 
Chapter 1 — Introduction 
Ŭ 
The thesis is that these issues can be tackled together (at least partially) by accounting 
for uncertainties during the design of the product. A methodology and tools are 
needed to manage this task in a reasonable time. 
3. Objectives 
The proposed research will focus on finding scientific solutions addressing the main 
challenges together, i.e., durability of performance, reliability, and cost1 of the fuel cell 
stacks. More specifically, the purpose is to design robust fuel cell stacks by managing 
the uncertainties that otherwise create obstacles to their large-scale commercialization. 
To be able to achieve this, a first goal is to develop a careful methodology and associ-
ated numerical tools. 
4. Means 
Investigations are conducted towards the above objectives by developing and applying 
computer simulations and algorithms, such as computational fluid dynamics (CFD) 
and surrogate modelling, uncertainty quantification (UQ) via Monte Carlo simulations 
(MCS) improved with advanced sampling techniques and variance reduction tech-
niques, and optimization under uncertainty (OUU). 
1.3 Context and motivations 
1.3.1 Living with our environment – ultimate motive 
We, human beings, put a lot of pressure on “our” environment through our activities 
and quest of ever increasing “comfort” — i.e., consumption of goods and services. This 
consumption impacts the availability of limited raw resources, whether for the pro-
duction of goods or of (energy) services. Besides, the processes of transformation of 
raw resources are almost always accompanied by the generation of some emissions in 
the form of pollutants and/or of so-called green-house-gases. The later, such as carbon 
dioxide ????? and methane ????? , are in part responsible for the climate changes, 
through the increase of the average temperature of the Globe. Besides, consequences 
for health are also alarming in large urban areas where pollution is concentrated. These 
                                                     
1 Although indirectly: we did not perform ourselves a cost analysis or implement a cost model. We rely 
on empirical evidence of the relationship between cost and, e.g., tolerances or amount of material provided 
by our industrial partner and many studies. 
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topics take more importance year after year in the political, economic, and social cir-
cles, as reflected by the media. The United nations conference on climate change 
(COP21/CMP11) is precisely taking place when writing these lines. 
It is therefore desirable to reduce: 1) consumption of raw resources, and 2) emissions 
of green-house-gases and of pollutants in the production of goods and services. 
Fortunately, pursuing the first goal is usually favourable to the second one. We shall 
note that the first and most eﬀective measure is to reduce the production (consump-
tion) of goods and services. However, this is not a topic for which scientific research 
and technical innovations are of great help; this maĴer is rather cultural, social, politi-
cal, and economic. 
Need for more efficient and cleaner technologies 
Another mean to pursue both of these goals is to create and use more eﬃcient technol-
ogies. Here, eﬃcient should be understood as a measure including the resources con-
sumed by the technological product during its entire lifetime: design, production, op-
eration, and recycling or disposal. 
The emissions of green-house-gases and/or of pollutants can be further reduced by 
employing cleaner technologies, i.e., which produce less of such emissions irrespective 
of their eﬃciency. Again, the measure should encompass the entire lifetime of the tech-
nology. 
1.3.2 Fuel cells as a technological solution 
The technology to which this thesis applies — fuel cells — addresses the problem from 
the perspective of the eﬃcient conversion of resources into energy services. Our modern 
societies use two forms of energy in large quantities: electricity and heat. Many re-
searches show that fuel cells are good candidates as a technology for the eﬃcient con-
version of hydrogen and hydrocarbon fuels into electricity and heat [2–7]. Indeed, fuel 
cells are promising devices able to convert the chemical energy contained in a fuel directly 
into electrical (and thermal) energy, without the intermediate of a thermodynamic cycle. 
This leads to a higher energy-conversion eﬃciency than with intermediate processes: 
the energy service extracted from a given amount of fuel as input is higher. As a con-
sequence, the emissions of ??? are also proportionally reduced. Besides, at the condition 
that hydrogen is produced cleanly, the emissions are only water vapour when using hy-
drogen as a fuel. 
More generally, advantages of fuel cells are:   
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? No combustion: 
? More efficient; 
? No emissions of pollutants such as ???; 
? Quiet, low noise; 
? No movement of solid parts: 
? Less noise, less complex, less wear, and more reliable (from this viewpoint); 
? High efficiency even at partial load; 
? Modularity, from watts to megawatts; 
? Fuel flexibility (for high-temperature fuel cells). 
 
Moreover, the application-range of fuel cells is large. Depending on the type of fuel 
cells, they are suitable for distributed generation, residential and industrial cogenera-
tion, and mobile applications (e.g., transport). 
A technological background to SOFC and PEFC is given in § 1.6, p. 19.  
1.3.3 Obstacles to the widespread use of fuel cells 
Considering all their advantages, one may ask “why a large-scale commercialization 
of fuel cells has not yet happened?” 
They have been studied and developed intensely the last three decades. Despite this 
theoretical and experimental background, and although remarkable progress is being 
achieved, the technology is only starting to become fully marketable and economically 
viable (i.e., competitive without subsidy [8]). 
Several reasons exist to explain it. Of course non-techno-economic reasons exist, which 
may be overlooked, such as political, social, and cultural maĴers, as well as the all-too-
common inertia to adopt a new2 technology. But the main reason is probably that 
— despite recent improvements — their total cost of ownership (without considera-
tion of externalities) is still too high to be aĴractive as a competitive alternative to “leg-
acy” technologies, such as power plants relying on combustion of fossil fuels or on 
nuclear fission.  
                                                     
2 Fuel cells are not a novel invention, though: the first descriptions of the principle were given in 1839 by 
William Groove and Christian F. Schönbein; they were used as auxiliary power units in the Gemini and 
Apollo space missions [9]. However, it is only for around three decades that they have been developed in 
view of becoming a common alternative to other legacy technologies. 
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Whereas excellent and reproducible performance was proven (e.g., DC efficiency of 
???  with DIR at the LENI), the remaining obstacles for succeeding in a broad deploy-
ment are hence durability of performance (e.g., target less than ????  degradation of 
performance per thousands of hours), reliability (e.g., no cell cracking), and power-
specific cost of production (e.g., ????????). 
Fuel cells are still expensive to manufacture, and whereas they are eﬃcient, they are 
not yet for long enough (at a useful operating power) to compensate for the invest-
ment. 
 
Along with performance, this thesis proposes to address the issues of lifetime and of 
cost. However, the originality of this research lies in that these challenges are ad-
dressed indirectly, but all together, through the prism of the management of uncertainties 
during the design of fuel cell stacks. More details about the relationships between life-
time, cost, and uncertainties, are given in the next sections. 
?













1.3.4 General factors affecting total cost of ownership 
Why is the lifetime of fuel cells too short, and why are they too expensive? 
First, it should be noted that these gaps are only true compared with the current alter-
native technologies (with their infrastructure, and the price of their corresponding raw 
resources). Then, it is also crucial to keep in mind that lifetime and cost are linked, at 
the minimum from a purchaser’s point of view: for a same service (performance den-
sity), potential customers would accept to buy at a high cost if lifetime is correspond-
ingly worth the investment (and vice-versa). As a consequence, the two main objec-
tives are to minimize the production cost and to maximize the lifetime of fuel cells, 
while keeping or improving their already good performance. These objectives are usu-
ally conflicting. 
1. Performance 
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(a) Increase the number of cells. 
(b) Increase the amount of fuel injected in each cell. 
(c) Increase the electric current drawn per amount of fuel injected. 
(d) Increase the (average) output voltage of the single cells. 
It should be noted that these actions are actually not independent, and have limits. In 
particular, c) and d) are linked through the current-voltage (??) characteristic of the 
fuel cell. 
Electrical eﬃciency is increased when (c) or (d) is achieved with a magnitude bigger 
than the reduction of the other. The system eﬃciency also depends on the energy lost 
in the balance-of-plant components. This loss mainly arises from the drop of pressure 
across the system, which must be compensated by a compressor with an imperfect 
eﬃciency. 
2. Size 
The size of the system is often wished as small as possible for a given performance (high 
power density). This is especially true for (small-size) mobile applications, such as cars, 
buses, small boats, and all smaller mobile devices. Although in a lesser extent, it is also 
true for stationary applications, such as residential cogeneration. 
Reducing the size can have a positive eﬀect on cost (e.g., because less material is used), 
but not necessarily: it needs tighter integration, miniaturisation, and management of 
issues arising from them. Furthermore, miniaturisation can have a detrimental eﬀect 
on performance and on lifetime (see e.g. Chapter 9); and thereby, on total cost of own-
ership. 
3. Lifetime 
The lifetime of the product depends on its reliability, on its durability of performance, 
and on the minimum performance guaranteed by the manufacturer. 
For a given designed fuel cell, using it at a higher performance most often means stress-
ing (wearing) it more, so that a failure becomes more probable (reliability-issues), and 
the rate of (permanent) degradation of performance increases (durability-issues). As 
mentioned, miniaturisation (i.e., increasing performance density) can also put limit on 
lifetime. 
Chapter 1 — Introduction 
Ų 
Last but not least, lifetime also depends on the quality of the product, in terms of the 
quality of manufacturing parts, of assembly of them, of the chosen materials, etc. Be-
sides, there usually is a significant relationship between these qualitative aspects and 
the cost of production. 
4. Cost of production 
Trying to reduce costs puts pressure on the choice of material and of manufacturing 
processes, on the quality of assembly, on the control of quality / accepted quality 
(yield), and thereby on the intrinsic quality of the design. However, it does not mean 
that it is impossible to reduce these costs, while keeping or even increasing lifetime. 
This is where optimization, or continuous improvement, can help, especially if an in-
tegrative approach is used. 
Of course, fuel cells being a relatively new technology, production costs can hopefully 
be reduced by mass-production (economy of scale). Until recently though, it seems that 
this aspect was deemed insuﬃcient or judged too risky by lots of investors, so that fuel 
cell companies had to rely largely on subsidies. Other levers are to reduce the need of 
raw materials (or replace expensive ones by cheaper ones) and of expensive manufactur-
ing- and assembly-processes. These depend on the design of the product, among which 
geometrical and material aspects play an important role. As mentioned, design is also 
crucial for performance and lifetime. However, the quality of the production, i.e. the 
accuracy with which the product is manufactured, also aﬀects the production cost, the 
performance, and the lifetime. The goal is hence to find a trade-oﬀ, which allows to 
reduce the total cost of ownership. 






As an example, a strong relationship exists between performance and cost for PEFC, 
because the catalyst responsible in large part for performance is particularly expensive 
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Figure 1.6 illustrates the typical trade-oﬀ that exists between cost of production and 
cost of failure. Cost of failure is the cost of replacing or repairing a product under war-
ranty; it may also include indirect cost of losing customers. In this example, the cost of 
a failure increases faster than linearly. Conversely, the cost of production tends to in-
crease exponentially (asymptotically) when targeting zero failure. It however does not 
tend to zero when failure is certain. It should be noted that these curves correspond to 
optima (Pareto points). In other words, there exist cases where cost of production and 
cost of failure are higher for the same probability of failure. Remark: the cost due to an 
imperfect yield (products which do not pass the qualification) can be regarded either 
as a cost of production or as a cost of failure. 
 








1.3.5 Technical factors limiting the performance, its durability, 
and/or reliability 
Several factors were reported to be responsible for limiting the performance and relia-
bility of SOFCS, such as electrode degradations by poisoning, formation of an insulat-
ing layer (cathode), re-oxidation (anode), ageing processes (grain growth, inter-diﬀu-
sion of species, change in microstructure), thermo-mechanical stresses, thermal losses 
which activate/accelerate degradation (e.g., Joule losses),  issues with the gas distribu-
tion, or with the sealing of the elements, etc. [12–17]. One other source of limitations 
are uncertainties / variabilities, which by the way can be the cause of some of the afore-
mentioned issues. 
                                                     
3 Production and reliability oriented SOFC cell and stack design. 
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1. Manufacturing costs and tolerances 
Economic competitiveness must be taken into account. The constant need to reduce 
costs puts restrictions on the choices of a suitable FDP geometry, appropriate manu-
facturing processes, and their corresponding tolerances — leading to compromises. 
This adds a new level to modelling and to design, because, while performance and 
reliability issues are closely related to the distribution of the gaseous flows within the 
FDP, the flow distribution itself may be strongly influenced by geometrical inaccura-
cies, and hence by dimensional tolerances. Indeed, in practice, the manufacturing tol-
erances and the accuracy of assembly are known to have a large impact on the quality 
of the flow distribution, as illustrated by Huang et al. [18]. In their study, they showed 
experimentally and with numerical simulations that “an improvement of the flow uni-
formity in interconnects can eﬀectively remove local hot spots on the positive elec-
trode-electrolyte-negative electrode (PEN) and increase the peak power density of the 
single-cell stack at least up to ??? ”. 
Moreover, not only the performance and reliability of a single cell are aﬀected by the 
flow distribution, but also the quality of the whole stack depends on a homogeneous 
distribution within and among repeat elements [19]. Consequently, the dispersion of 
repeat elements' quality among the stack is also of major importance. 
However, so far and to the best of our knowledge, previous studies in literature do not 
account for inaccuracies of production and their influences on performance and relia-
bility from the viewpoint of flow distribution. In particular, numerical simulations are 
commonly carried out with the designed geometries, free from any flaws or defects. 
Similarly, analytical models generally deal with simplified geometries. Liu et al. [20] 
already used MCS with a finite element analysis model to study the eﬀect of dimen-
sional error, but their work on PEFC was focused on the mechanical pressure-distribu-
tion that influences contact-resistance. 
2. Role of design by virtual prototyping 
Computer-aided-design tools are acknowledged to be an eﬀective means to reduce the 
cost of R&D: it avoids the production of many intermediate prototypes and of the ex-
perimental benches to test them. Basically, virtual (computerized) prototypes and ex-
periments is a complement to physical ones. 
Reducing cost of R&D is useful to reduce the total cost of ownership, especially for a 
technology which is not yet mainstream (mass-produced). However, when it comes to 
uncertainties, some drawbacks of physical experiments are transposed to numerical 
models, since they are usually built and calibrated based on them. When care is not 
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taken, the advantages of computer design can then become drawbacks (e.g., a common 
numerical computation, being essentially deterministic, avoids or “hides” uncertain-
ties, but the fact that these do exist in the real-world should not be forgoĴen). 
Observations (general in engineering): 
? Numerical modelling is increasingly used for the accelerated development of 
products. 
? Numerical optimization is increasingly used to push the limits of performance, 
cost, quality, … of a product. And find better trade-offs, e.g. about those in fig-
ure 1.6. 
 
This leads to an issue, because deterministic optimization usually activates some con-
straints of the optimization problem. As soon as stochastic processes (i.e., reality) enter 
into play, these constraints are violated and the product will either fail or wear quicker. 
Besides, people tend to have excessive confidence in computer models. The problem 
is not that they are less valuable than experiments, but that their results can “look so 
much like” those of an experiment4. Besides, models have their root in some experi-
ments (observations of the real-world) — from values of coefficients to the form of re-
lationships between physical quantities. This “translation” is however not free from 
uncertainties. 
Moreover, to satisfy a budget, in terms of available computer resources and time con-
straints, the complexity of a model often has to be reduced; especially when the model 
is used in a process involving many evaluations (such as sensitivity analyses, uncer-
tainty quantifications, or optimizations). These simplifications further reduce the ac-
curacy of the models. 
1.3.6 Accuracy versus tractability  
One of the challenges of our research was to deal with two conflicting needs: 
? Computations need to be accurate enough, such that the effect of the uncer-
tainty that we are interested in are not drawn into uncertainties (errors) due to 
the computing accuracy (models of physical phenomena, but also techniques 
to estimate the statistics of interest, for instance; number of samples, etc.) 
? Computations must remain tractable (computer resources and time). 
                                                     
4 For instance, a model may give an answer which looks reasonable, but for which conditions an experi-
ment would have failed with clear signs (e.g., overheat), whereas the simulator omits such signs. 
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Hence, compromises are also needed here, as well as a methodology which allows to 
maximize the valuable information one can get in a given time-span. Also, it is neces-
sary to be able to quantify (estimate) what is the degree of accuracy of the resulting 
statistics. 
Remark 
We want to consider uncertainties / variability errors / lack of information / complexity 
in the data (information) that are used to take decisions about design. 
Computer models help in the design process (analysis and synthesis). Even when these 
models are thoroughly verified, validated, and calibrated with experimental measure-
ments, they remain imperfect to predict a "large spectrum of reality" when used deter-
ministically. 
To account for uncertainties, it is desirable to consider the related variables with sto-
chastic rather than deterministic inputs to the model. We should make clear that the 
goal of this thesis is not to make the model more robust, nor is it really to quantify the 
sensitivity of the model's responses to uncertainties; ultimately, it is rather the real prod-
uct which we want to make robust. 
So, the stochastic model should be — ideally5 — an accurate representation of the real 
(stochastic) product. Actually, it is necessary and suﬃcient that the model allows to 
take decisions for the design of the real product such that it satisfies some criteria. 
Accounting for uncertainty allows: 1) to model reality more closely (more accurately), 
since aleatory uncertainties are present in reality; and 2) to account for the remaining 
lack of agreement of the model with reality, whether this disagreement is due to a lack 





                                                     
5 Ideally, because it is probably impossible. 
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1.4 Objectives of this thesis 
The objectives of this thesis articulate around technological and methodological goals. 
1.4.1 Towards large-scale commercialization of fuel cells 
Enhancing both long-term reliability and durability of performance of fuel cell stacks 
counts among the major challenges to achieve their commercialization. In fine and re-
garding the big picture, the aim of the thesis is hence to investigate solutions to: 
? Maximize the quality of the system, measured in terms of: 
? performance (at least maintain), composed mainly of: 
(i) efficiency 
(ii) and power density; 
? lifetime, which can be decomposed in: 
(i) durability of performance, 
(ii) and reliability. 
? Minimize costs6, without severely compromising the quality of components and 
thereby of the device itself (see also figure 1.6). 
 
A possible approach to formulate this problem would be to minimize the total cost of 
ownership. However, it would need, ideally, to solve an integral over time, with deci-
sion variables pertaining to design and to operation, with known cost functions for the 
materials, the manufacturing processes, the fuel, the rate of interests, and with many 
other variables related to industrial mass-production and distribution. Besides, large 
conjectural fluctuations and uncertainties of various nature should be implemented on 
top of that. While interesting and topical with the subject of uncertainties, it would 
clearly go beyond the scope of this thesis, where much has yet to be done to deal with 
uncertainty on the design of flow distribution and paĴerns, and the dilemma of geĴing 
tractable and accurate simulations. 
Before going further, we must highlight that only indirect indicators of lifetime and 
cost will be used, for similar reasons as just stated. 
                                                     
6 Manufacturing costs are especially targeted, although other production costs may also be reduced: e.g., 
costs related to assembly, quality control, yield, or balance-of-plant. 
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1.4.2 Technological goals 
To pursue the main aim stated above, we chose to focus on the design of the fluid 
distribution paĴern responsible for a homogeneous distribution of the fields of the 
physical variables, notably the flow fields. The goals are then: 
? To characterize the design uncertainties7 (inputs of the model), especially those 
regarding the geometry of the fluid distribution patterns. 
? To quantify the uncertainties of the outputs by propagating the former. 
? To use design optimization under uncertainty as a tool to better understand the 
trade-offs and the relationship between dimensions, tolerances, and topologies. 
? To suggest measures of improvements and of quality control. 
1.4.3 Methodological goals 
The objective of this research is to develop and implement a methodology for the de-
sign and optimization of fuel cell stacks under uncertainty. 
Optimization under uncertainty (OUU) is particularly challenging in terms of compu-
tational eﬀorts, especially with numerical models involving CFD or similar simulation 
means. Hence, eﬃcient implementations of OUU for such engineering problems are 
needed and paramount. In addition to a well-defined methodology for performing 
OUU of fuel cells, some outcomes of the study are guidelines for future designs, as 
well as quantification and characterization of input and output uncertainties. 
The methodological approach is generic to many other multi-disciplinary design engi-
neering problems where complex nonlinear coupled phenomena are involved and in-
teract with stochastic processes. Thanks to this generality, both the know-how and the 
implemented tools can be transposed to diﬀerent fuel cell technologies, or diﬀerent 
fluid flow technologies having similar topology (heat exchangers, lab-on-a-chip, etc.). 
 
 
                                                     
7 We do not mean the uncertainty prior to the decision about which design choices are beĴer; but uncer-
tainty which still exists after that decision, about the physical variables associated to design, such as di-
mensions, shapes, composition of materials, …. 
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1.4.4 Scope of the thesis’ goals 
Reasons for the limitation of scope are given in the body of the thesis. 
This thesis deals with the design of planar fuel cells. The category of fuel cells considered 
are solid oxide fuel cells and polymer-electrolyte fuel cells. The focus is put on accounting for 
uncertainty during the design procedure: using uncertainty quantification and optimiza-
tion under uncertainty. The main uncertainties considered are geometrical tolerances, 
which are aleatory uncertainties. The main variables of decision for the design concern 
the geometry of the fluid distribution paĴern. Regarding physical phenomena the em-
phasis is correspondingly put on fluid mechanics.  
Some simplifications could not be avoided to achieve tractable computations: 
Operating conditions are obviously considered, but this thesis does not deal with the 
control of these variables, nor on their optimization, whether deterministic or stochas-
tic. The focus is put on meso- and macroscopic phenomena (not on nano- or micro-struc-
tural aspects of the materials, or of diﬀusion into porous media, or of the details of 
electrochemical reactions). The focus is on the “averaged” behaviour of the fuel cells, 
so that we study the steady state. If no steady state can be achieved during the real op-
eration, we assume that, in average, the behaviour of the fuel cell is well represented by 
a steady state mathematical model8. 
Without being able to cover every aspect in fuel cell technology in a single research (in 
particular, issues about the microstructure of materials are not dealt with in detail 
here), this study will focus on a scientifically challenging subject — namely managing 
uncertainty —that is relevant towards achieving the stated finality. 
1.5 Original contributions 
The novelty of the planned research is the consideration of uncertainties, particularly 
geometrical uncertainties, to find robust optimal solutions, i.e., solutions which are op-
timal considering uncertainties. Basically, this means that one additional objective is 
considered: robustness. 
To the best of our knowledge, we are the first to carry out such a research about appli-
cation of optimization under uncertainty of the design of fuel cell stacks with geometry 
                                                     
8 Our reasoning is similar to the use of Reynolds-averaged Navier-Stokes (RANS) equations for modelling 
turbulent flows, which are time-averaged and can be used in steady state. The model should capture and 
resolve the average (steady state) behaviour. 
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at the centre of the OUU: geometry appears as decision variables, uncertain variables, 
constraints and/or objectives. 
The contribution of this work can be divided in terms of methodology and applications 
(in the form of guidelines and solutions to industrial design).  
Fuel cells are intrinsically a technology which requires several disciplines to function. 
Here, we brought along yet other topics to study and develop these devices. The inno-
vation mostly lies at the intersection of the corresponding scientific fields. Most of the 
eﬀorts were deployed to find ways to tie links between the fields’ techniques, to take 
advantage of the powerful tools oﬀered by some to build on others: e.g., to include UQ 
in design optimization, apply OUU to CFD, build or calibrate surrogate models thanks 
to DACE9 or optimization, etc. Of course, to achieve that, it was also necessary to gather 
enough knowledge of each field, but it was not possible to master any of them without 
risking to hinder and slow down the construction of these bridges. 
Figure 1.7  shows the various fields of knowledge and their relationships as used in the 
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1.6 Technological background 
This section gives a brief technical description of the functioning of fuel cells, more 
specifically SOFC and PEFC. The modelling aspects and physical phenomena are fur-
ther described in 87Chapter 4, with § 4.3.2 dedicated to Electrochemistry, p. 94. 
1.6.1 Working principle of fuel cells 
From an electrochemical point of view, fuel cells are similar to traditional baĴeries: 
chemical energy contained in reactants is directly converted into electricity through 
electrochemical reactions (oxidation-reduction). Fuel cells diﬀer mainly by a continu-





A fuel cell is basically composed of an electrolyte separating a cathodic and an anodic 
compartment. The anode and cathode (electrodes) surround the electrolyte (membrane). 
Together, these three layers form the membrane-electrodes assembly (MEA). The MEA 
is surrounded by an interconnector on each side. The anode is continuously supplied 





??? ?????? ??? ????? 
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The principle is to allow the electrochemical reaction of the fuel with the oxidizer, but 
in such a way that the electrons exchanged in the reaction must flow through a diﬀer-
ent path than the ion. The flow of electrons through this external electrical circuit gen-
erates an electrical current. This flow is made possible by the redox potential diﬀerence 
that is created between the electrodes.  






? Dissociation of hydrogen: 
 ?? ? ?? ? ? ????? ??????
2. Electrolyte 
The electrolyte must be a good ionic conductor (for either anion or cation), but must 
be gas-tight and an electronic insulator. 
3. Cathode 
? Dissociation of oxygen: 
 1.6 Technological background 
 Ŭū 
 ???? ? ???? ? ????
??????
?
4. MEA: anode-electrolyte-cathode 
Fuel and oxidizer are separated by the gas-tight MEA.  
? Oxidation of hydrogen; global reaction:   
 ?? ??? ? ? ???? ??????
5. Interconnectors 
The interconnectors have several functions: 
? Collect and conduct the electrons towards the external electrical circuit; 
? Provide a suitable path to supply the electrodes with their respective reactants, 
and to evacuate the products; 
? Provide the mechanical strength; 
6. Sealing 
Sealing material is needed to prevent the combustion of fuel with the oxidizer, and to 






The scale up of the power is achieved by stacking several elements, which are electri-
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from each element, whereas the voltage of the stack equals the sum of the voltage of 
the elements. 
There exist planar and tubular configuration of fuel cells. This thesis deals with the 
planar configuration, which is aĴractive for compactness (volumetric power density) 
and cost (relatively easy and cheap production). It however imposes challenging con-
straints (mechanical, thermal, sealing, pressure drop). 
There exist many variants of MEA. For instance, the part of the cell giving most of the 
mechanical strength may be either the anode, the electrolyte, or the cathode. 
SOLIDpower, our industrial partner producing SOFC, uses anode-supported cells 
(ASC). 
There exist many configurations for the supply of fuel and oxidant. The main “archi-
tectures” are characterized by co-flow, counter-flow, or cross-flow. 
1.6.2 PEFC specifics 
The electrolyte is a polymeric membrane, which conducts protons (??, hydrogen-ion). 
As a consequence, water10 is formed at the cathode, which usually must be constantly 
humid to be conductive. 
1. Specific advantages 
? Low temperature 
? High specific power 
? Suitable for mobile applications (even small) 
2. Specific drawbacks 
? Need pure hydrogen, because it does not tolerate even small amounts of carbon 
monoxide in the fuel; inflexibility of the fuel. 
? Cost of the catalyst (platinum) 
? Usually need a coolant (extra circuit/layer) 
? Water management is critical (keep electrodes and electrolyte humid, but avoid 
flooding at the cathode) 
? Management of biphasic flows 
                                                     
10 Depending on the operating conditions, the gas mixture at the cathode can be saturated with water-
vapour, with minimal amount of water in liquid form. 
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1.6.3 SOFC specifics 
The electrolyte is a solid oxide, which conducts ions of oxygen. The products are hence 
formed at the anode (steam, and carbon dioxide when the fuel contains carbon). This 
has a consequence on the molar and mass balance, and thereby on the properties of the 
mixture (viscosity, density) flowing in the anodic and cathodic compartments, as will 
be discussed later. 
SOFCs mainly distinguish themselves with elevated operating temperature 
????? ???????? ?. SOFCs are especially appropriate for the cogeneration of electricity 
and heat.  
The porous anodic and cathodic catalyst-layers are separated by a thin ??????? dense 
oxygen-ion conducting ceramic electrolyte-layer (yĴria-stabilized zirconia, YSZ). Oxy-
gen-ions at the cathode are transferred through the electrolyte to the ??-catalyst at the 
anode where electrochemical reaction takes place with the fuel (e.g., ?? , ?? , ??? , 
higher hydrocarbons, or even alcohols). Between inlet and outlet, the gaseous fuel 
flows along the anode and is hence gradually converted by oxygen into the reaction-
products (i.e., ??? and ???). 
The anode-supported-cell (ASC) configuration is employed by several research groups 
(us included) for the benefit of reducing the operating temperature11 (from ??????  to 
? ???? ), allowing beĴer durability and lower cost. In this configuration, the mechan-
ical strength of the cell is given by a thick anode, which is coated with a thin electrolyte. 
 
A repeat element of a planar anode-supported SOFC is sketched in figure 1.9. Typical 
dimensions for such an element are ?????? ? in ? -direction and ???????????? in 
??-plane (active area of the cell).  
1.6.4 Specific advantages and drawbacks of SOFCs 
1. Specific advantages 
? High efficiency (high temperature) 
? Fuel flexibility (tolerate hydrocarbons, e.g., natural gas: internal steam reform-
ing of methane is therefore possible.) 
                                                     
11 The ionic conductivity of the electrolyte strongly depends on temperature. A thinner electrolyte allows 
to operate at lower temperature, while achieving similar ionic-resistive losses. 
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2. Specific drawbacks 
? High temperature 
? Cost of materials to resist high temperature and corrosive environment at those 
temperatures 
? Heavier materials 
? Chromium in stainless steel is a source of pollutants (for cathode) 
1.7 Collaborations 
1.7.1 Industrial partners 
This work was carried out in collaboration with industrial partners. Namely, 
SOLIDpower S.p.a.12 and BELENOS Clean Power Holding Ltd13. This work contributed 
to the research and development of some of their fuel cell products. They are acknowl-
edged for the opportunity given to learn from their technology, to build from it, and 
to apply to it some of the ideas developed along this thesis. 
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Due to intellectual property, we are unfortunately not allowed to describe some confi-
dential maĴers, such as geometries of the real products and other proprietary infor-
mation. 
1.7.2 Colleagues and students 
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of Chapter 6 and for having provided his data and routines to compute degradation 
criteria (p. 244). He also contributed to this work by informing me about the existence 
of a MATLAB code to solve a resistive network and sharing is knowledge about it 
                                                     
12 Formerly a joint company under the name HTceramix SA (Yverdon, Swiĵerland) and SOFCpower S.p.a 
(Mezzolombardo, Italy). 
13 The fuel cell activities are now developed under the name of SWISSHydrogen SA. 
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Search of a methodology: 
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« Toute certitude est par essence contradictoire avec 
la philosophie de la recherche. » 
Pierre Joliot 











?????? ????????????? ??????????????????????????????????????????????????????????????????????????????????? 
???????????????????????????? ????? ????????????????????????????????????????????????????????????? 
??????????????????????? ?????????????????????????????????????????????????????????????????????????????????? 
???????????????????????? ???????????????????????????????????????????????????????????????????????????????????? 




  – ŭū – 
State of the art 
This chapter presents the state of the technology and of the research. The is-
sues approached in this thesis are given priority. 
2.1 Fuel cells (PEFC, SOFC) 
Considerable literature is dedicated to the study of fuel cells. Detailed numerical mod-
els were elaborated for theoretical analysis: e.g., Jeon et al. [24] implemented a 2D CFD 
model of anode-supported SOFCs, which accounts for transport phenomena and dif-
fusivity using a continuum micro-scaled model based on statistical properties. Their 
model is able to calculate the contribution of the diﬀerent overpotentials. 
Numerical tools are also used extensively for the synthesis and optimization of designs: 
e.g., Bi et al. [25] employed 3D, isothermal, electrochemically inert CFD simulations 
with the objective of maximizing the flow uniformity among the cells in planar SOFC 
stacks. 
Experimental works are applied for both exploration and validation: e.g., Lee et al. [26] 
showed enhanced performance and reliability with functionally graded (i.e., multi-lay-
ered) electrodes and glass-based compression-seal gaskets for a planar SOFC stack. 
Still, literature is scarce on one of the major (and multifaceted) sources of problem: 
uncertainties. They are associated to the notion of potential risks (hence costs), notably 
up to the failure of the device. 
2.1.1 Distribution of the flows: a critical factor 
Each component of an SOFC stack plays an important role and has to be thought to-
gether with its interactions with other components. Several studies show that distrib-
uting the gas as uniformly as possible over the active area is a necessary condition to 
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achieve a sound product [13,18,27–29]. This is essential on one hand to get a homoge-
neous consumption of the fuel at the anode, and on the other, at the cathode, to supply 
air such as to provide adequate cooling [13,18,27–29]. If that condition is not met, in-
creased losses and degradations are likely to occur at the anode because of concentra-
tion polarization and of the inherent risk of re-oxidation, which might lead to the 
breakage of the cell [13,18,27,28]. Besides, the repeat element may be subjected to ther-
mal stresses. Hence, a good design of the component responsible for distributing the 
gas, namely the fluid distribution paĴern (FDP), is critical. Nevertheless, to design the 
geometry of the FDP is challenging because not only the flow uniformity is an objec-
tive, but also adequate electrical and thermal conductivity, moderate thermo-mechan-
ical stresses, etc., are targeted. Among the constraints, the design has to achieve the 
integration of sealing areas, gas manifolds, etc., as well as to deal with manufacturing 
aspects [13,28]. Reinert et al. [30] stressed that the actual, local fuel utilization in many 
cases does not equal the set, global fuel utilization defined by the electrical current and 
the global fuel flow rate because of possible leakages or of an inhomogeneous fuel dis-




2.1.2 Manufacturing variability (aleatory uncertainty) 
So far and to the best of our knowledge, literature is scant about studies accounting for 
inaccuracies in production and their impacts on performance and lifetime. In particu-
lar, numerical simulations are commonly carried out with the designed geometries, 
without any flaws or defects. Similarly, rather extreme simplifications of the geome-
tries are commonly used in analytical models, assuming, rightfully or not, that their 
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eﬀect is negligible. Yet, ample evidence exists that variability can have a major inci-
dence on the product behaviour. Indeed, manufacturing imperfections lead to greater 
heterogeneity of the flow field; yet, flow uniformity within fuel cells was shown to be 
paramount.  
Rammouse et al. [31] studied the processing parameters and their influence during the 
manufacture of anode-supported SOFCs. A method based on standardization and sys-
tematization was described, but the distributions of processing parameters were not 
related to corresponding distributions of performance or reliability (only aggregate 
beĴerment). Hence, their study does not inform on the relative importance of parame-
ters, or on their possible interactions. However, it provides quantitative evidence about 




At the LENI, Wuillemin et al. [13] modelled and studied the influence of imperfect 
sealing in an SOFC, which may lead to detrimental consequences. Comparison with 
post-experiment analyses showed that the developed CFD model predicts accurately 
the location of parasitic combustion and the existence of redox cycles during polariza-
tion. The results show that a detailed modelling approach including the imperfections 
of the system is a powerful tool for a beĴer understanding of degradation and for the 
design of more reliable products. 
 





Bertoldi et al. [2], from SOLIDpower S.p.a., pointed out the variability of characteristic 
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Sun et al. [32] proposed a methodology to design SOFC stacks based on probabilities, 
though an algorithmic optimization was not done. 
 “The method takes into account the randomness in SOFC material proper-
ties as well as the stresses arising from different manufacturing and operat-
ing conditions. […] Finite element analyses were used to predict the elec-
trochemical and thermal mechanical responses of SOFC stacks with 
different geometric variations and under different operating conditions.” 
 
2.1.3 Optimization of the design 
As shown, it is obviously needed to consider the variability of manufacturing processes 
during the design of fuel cell stacks. Some researchers conducted design optimization, 
while explicitly taking into account these processes. 
Wu et al. [33] analysed the parametrized performance of PEFC by using the Taguchi 
method and a neural network. In addition to showing that the method is functional, 
they pointed out that, according to the analysis of variance, the performance of PEFCs 
is significantly aﬀected by the operating temperature and pressure.  
Chen et al. [34] optimized the design of bi-layer interconnectors for SOFC with design 
of experiment (DOE) based on the Taguchi method and a ?? CFD model. For the stud-
ied grid-staggered paĴern, the height of the channel was shown to be the most signif-
icant factor among those analysed.  
Peng et al. [35] optimised the shape of flow channels for hydro-formed metallic bipolar 
plates in PEFC to maximize both reaction-eﬃciency and formability. The same authors 
[36] then investigated a flexible forming process via numerical simulations and exper-
iments. 
Although considering the manufacturing processes, these studies lack the notion of a 
heterogeneous distribution of the quality, which is inherent to the variability of these 
processes. Consequently, the optimum that is found is likely not robust. 
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2.1.4 Monte Carlo simulations for uncertainty quantification 
Monte Carlo simulations have been used for a few years now in the field of SOFC. Until 
recently, however, MCS were used primarily in their “kinetic” form, focusing on the 
micro-structure of materials [e.g., 37].  
Seidenberger et al. [38] estimated the distribution of water and mechanisms of degra-
dation in PEFC using ?? MCS. Uncertainties related to manufacturing or to operating 
conditions were, however, not considered. 
Liu et al. [20] used MCS with a finite element analysis to study the eﬀect of dimensional 
tolerances. The scope of their work on PEFC was limited to the calculation of the con-
tact-resistance as a function of the mechanical pressure-distribution; they did not con-
sider the distribution of the flow. 
2.1.5 Towards robust design — Optimization under uncertainty 
Subramanyan et al. [39,40] performed a multi-objective optimization of hybrid SOFC 
power-plants under uncertainties, which were characterized and quantified. The opti-
mization is conducted at the level of the entire system (macro-model). 
Zhao et al. [41] presented a parametric design-method with neural network relation-
ships and fuzzy relationships considering uncertainties and applied it to SOFC. Their 
objective function is composed of three performance indicators and one cost indicator. 
The partial pressure of hydrogen and the operating temperature were selected as the 
“design” [sic] variables to optimize. Hence, an optimal operating condition was found, 
which actually tells nothing about the quality of the design itself. Moreover, the uncer-
tainties in question were generated by non-deterministic relationships, not from the 
stochastic distribution of parameters. As a consequence, no insight can be obtained 
about the sensitivity to design parameters — and more importantly — although the 
computed optimum is robust with respect to uncertainties on the relationships used 
for the evaluation of the objective function, this optimum is not robust in the sense of 
being less sensitive to variations of the design parameters. 
2.1.6 Uncertainties in measurements and for diagnostics 
Hernandez et al. [42] presented a stochastic approach for the diagnosis of PEFC faults. 
PDF of cell voltage was used as a clustering parameter. Operation modes leading to 
failure were clearly identified, allowing a classification of flooding and electrode con-
tamination failure. 
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Gazzarri et al. [43] modelled the degradation in an SOFC stack. A sensitivity analysis 
(with interactions) was carried out, and a non-invasive diagnostic technique was pro-
posed to identify degradation modes in situ, based on impedance spectroscopy. 
Momma et al. [44] carried out an uncertainty analysis in SOFC performance testing. 
Uncertainties of measurements and their propagations when combined for the final 
result were analysed. 
Oliviera et al. [45] studied the uncertainties of measurements with MCS and analysed 
the reliability of measured values in the evaluation of electric variables of PEFCs and 
SOFCs. 
2.2 Uncertainty and optimization in other fields  
2.2.1 Monte Carlo simulations and alternatives 
Robust design methods and Monte Carlo simulations (MCS) have been applied in 
other engineering fields. 
Putko et al. [46] implemented an approach for input uncertainty propagation and ro-
bust design in a quasi ?? Euler CFD code using sensitivity derivatives, and validated 
the method with statistical moments generated through MCS. The method was applied 
on a subsonic flow through a variable area nozzle — first with propagation of geomet-
ric uncertainties, and then with propagation of flow parameter uncertainties. The 
drawback of such a method is the need to have access to and modify a CFD code. It is 
a so-called intrusive approach. 
Crossland et al. [47] developed a flexible object-oriented modelling framework for rep-
resenting uncertainty in early variant design. MCS were associated to a risk model to 
design automobile interior trim. 
Huang et al. [48] completed a tool for predicting machining tolerances via MCS, with 
accumulation of several operations and their associated errors. The purpose is a rapid 
evaluation of alternative process plan decisions.  
Kumar et al. [49] implemented a robust design method using Bayesian MCS and ap-
plied it to a CFD analysis of a compressor blade. Their model deals with manufacturing 
uncertainties and allows for multi-objective optimization. 
WiĴeveen et al. [50] proposed a monomial chaos approach for eﬃcient uncertainty 
quantification in nonlinear problems. The method was applied to uncertainty quanti-
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fication of the Burgers equation and to a ?? boundary layer flow problem, then com-
pared the results with those of the MCS, of the perturbation method, of the Galerkin 
polynomial chaos method, and of a nonintrusive polynomial chaos method. 
Bowman [51] presented an eﬃcient gradient-based tolerance optimization using MCS. 
The goal of the method is to select the optimal tolerances for achieving the desired 
yield (“acceptance rate”) of functional assembly at the minimum cost. The method was 
shown to be powerful for dimensional tolerances (i.e., accuracy of distances), but is 
problem-specific and cannot deal with geometrical tolerances (i.e., such as parallelism, 
circularity, or flatness) and other kinds of uncertainties. 
It is clear that a “pure” Monte-Carlo implementation1 over a detailed physical model 
is not appropriate for carrying out the intended optimization under uncertainty. In-
deed, finding optima is much more eﬃcient with methods that not only rely on ran-
domness, but have a kind of “smart” deciding rules or behaviour (e.g., heuristics), to 
reduce the number of evaluations until an optimum is found with a suitable conver-
gence (confidence). 
There exist several enhancements to the basic MCMC algorithm and some alternatives, 
which may be especially profitable when applied to intensive computations such as 
OUU with CFD models. Among nonlinear “global” optimization methods, gradient-
based are distinguishable from non-gradient-based methods. About the former, well 
known techniques are Newton's method, steepest descent, conjugate gradient, and se-
quential quadratic programming (SQP). Gradient-based methods find local optima 
with high reliability and converge with few iterations, but are usually unable to escape 
a local optimum. However, they are often not well suited to stochastic processes and 
systems, for which either the response to the input is not clearly defined mathemati-
cally (do not satisfy continuity, derivability …) or whose response is given by a “black-
box” at some stage (proprietary software). Gradient-based methods are only directly 
applicable and fully eﬃcient when the objective- and constraint- functions can be ex-
plicitly described with mathematical (in)equations, which is a major hindrance. Other-
wise, the gradient must be evaluated numerically, by several realizations of the “black-
box” simulator, which is time-consuming and may not be accurate enough to orient 
the algorithm in the right direction. Stochastic methods will find a good solution with 
high probability, but it is not guaranteed to even be a local optimum. 
                                                     
1 By “pure” Monte-Carlo, we mean random draws in a uniform distribution, without any enhancement. 
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Remark: The adjoint-solver2 as implemented in FLUENT still has several limitations. 
For instance, models such as porous-jump and compressible gases are not 
supported, neither are boundary conditions of type mass flow inlet. So, it 
cannot be used eﬀectively in the frame of this thesis. 
Among non-gradient-based methods of optimization, many are stochastic. Most of 
them rely on (MC)MC-based algorithms, such as simulated annealing (SA), reactive 
tabu search (RTS), variable neighbourhood search (VNS), and reliability-based optimi-
zation (RBO), among which belong first-order reliability and second-order reliability 
methods (FORM and SORM). Another category uses response surface methodology 
(RSM), such as indirect optimization based on self-organization (IOSO). Other meth-
ods are based on (meta-) heuristics: reactive search optimization (RSO), memetic, 







                                                     
2 The adjoint-solver computes the sensitivity derivatives. Being able to use it would allow eﬃcient com-
putation of the derivatives. 
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“What happens is fact, not truth.  
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Description of the problem 
The purpose of this chapter is to give a more accurate description of the prob-
lem that we addressed. We give some examples. We also point out the challenges. 
3.1 Idea 
The idea is that the quality of any manufactured product is notably aﬀected by the 
variability of diverse characteristics with respect to the ideally designed product. These 
imperfections are frequently the sources (causes) of durability or reliability issues (con-
sequences). Since phenomena are highly coupled, it is stressed that, in their turn, some 
causes may be the consequences of other causes, and vice-versa.  
Those variations can be described as a probability — for one manufactured product — 
to achieve a certain value among a statistical distribution for a given variable (known 
as a random variable). Such a distribution can be characterized with several statistics, 
among which the mean and the standard deviation are common. An important point is 
that the mean is not necessarily equal to the value targeted by the design stage.  
3.2 Typical geometry at play 
Figure 3.1 shows the geometry of a fluid distribution paĴern. The illustration corre-
sponds to the design of bipolar plates of a PEFC. However, apart from the presence of 
a coolant, the elements are common to SOFCs. 
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3.2.1 Importance of flow distributors on the performance  
As said in the literature review, flow distributors play a large role on the performance. 
But also on the lifetime, because a cell which is less stressed will be less aﬀected by 
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3.2.2 Importance of dimensions of channels 
The dimensions of the distributors, and particularly of the channels or other flow paths 
in the active area, are crucial to a uniform flow distribution. It is sensitive to their var-
iability, and more so if they are small. 
Height of channels, ? (deterministic) is wished as small as possible — yet not too 
small. It influences, among others:  
? Pressure drop; 
? Flow uniformity; 
? Electrical efficiency; 
? System efficiency (blower); 
? Material cost; 
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Accounting for variability of the height of the channel is important for flow uniformity, 
and it is linked to: 
? Reliability and durability issues; 
? Efficiency limitation (fuel utilization); 
? Manufacturing costs (specialized processes); 
? Quality control costs; 
? Production yield. 
Dimensional variability impacts uniformity of most fields ??? ?? ??. 
Figure 3.3 highlights the small dimensions of the channels, compared to the large size 
of the other parts, including the manifolds (hollow part not physically visible). Fig-
ure 3.4 shows that uncertainty can also arise from basic computer assisted drawing. 
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3.2.3 Why is deterministic optimization dangerous?  
Deterministic and stochastic optimization, subject to inequality constraints, are diﬀer-
entiated schematically in figure 3.5. For simplicity of representation, the objective func-
tion is supposed to be uncertain only with respect to two random variables, resulting 
in a probability distribution function (PDF) for the objective whose support is bidimen-
sional. Several aspects should be highlighted: (1) the PDFs of the random variables are 
not necessarily identical for diﬀerent targeted design values; (2) the PDF of the objec-
tive function is often not linear with the PDFs of the random variables (hence the need 
for specialized methods); and (3) the deterministic optimum is generally not robust 
since it almost always leans on a constraint boundary. As an example, the deterministic 
optimum in figure 3.5 would not be robust even if the dispersion was nearly zero. The 
PDF associated with the deterministic optimum when accounting for variability is 
sketched here with a bigger dispersion than the PDF for the robust optimum. Yet this 
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3.3 Steps 
The main stages of this investigation are: 
1. Assess available methods for OUU and implement the most 
appropriate 
A common way to study the eﬀect of uncertain inputs on the outputs of a complex 
system is to apply so-called Monte Carlo simulations (MCS), e.g., based on Markov-
chain Monte Carlo class of algorithms (MCMC). The principle of this group of methods 
is to evaluate the outputs of a system for a lot of input combinations drawn from sta-
tistical distributions. MCS are useful for two distinct purposes of interest: 
Analysis of existing systems, e.g., definition of quality controls or comparison with 
post-operation diagnosis; 
Synthesis of new systems, e.g., through numerical (robust design) optimization. 
Regarding the procedure, the second is basically like the first, with the addition of an 
optimization stage. The steps of the procedure and further explanations are exposed 
in § 5. Perform an OUU of an SOFC stack with interacting imperfections, below. 
2. Implement heterogeneous distributions in the modelling tools 
Adaptation of the developed CFD model was necessary to allow the implementation 
of uncertainties. About geometrical imperfections, routines generating such defor-
mations on the CFD mesh were implemented. 
3. Analyse the influence of manufacturing tolerances 
It consists of analysing the influence of dimensional and geometrical tolerances. Char-
acterization by measurements on real components is needed.  
4. Validation of the models 
Statistical model 
The procedure to validate the outcomes of the statistical analysis is: to validate the de-
terministic simulations, to validate the modelling of uncertainty, and to verify the code 
linking the deterministic simulator with the stochastic computations. 
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Nevertheless, since resources for physical experiments are limited, we may not have 
enough available statistical data to truly validate the model. Therefore, methods such 
as statistical hypothesis testing will be used to assess the confidence interval, which 
indicates the degree of reliability of the estimate.  
Since the validation takes place before the OUU, it is carried out on a non-optimal de-
sign. The design obtained with the OUU may fall outside the domain of validity. 
Another aspect which is worth highlighting is that some heterogeneities (variability) 
may be the consequences of the (stochastic) degradation of the fuel cell, i.e., not neces-
sarily observable at the first usage of the product, nor directly inherent to its design or 
its manufacture. 
5. Perform an OUU of an SOFC stack with interacting 
imperfections 
An optimization under uncertainty (OUU) is composed of the processes outlined in 
figure 3.6.  
First, it is worth mentioning that the procedure involves two main intermixed stages: 
Simulation of the system with samples drawn from the distributions of the uncer-
tain variables; 
Optimization of the system by adjusting a set of decision variables for minimizing 
the objective function, while satisfying constraints. 
 
Inputs with heterogeneous distributions (non-uniform probability distribution) are 
stochastic (random) variables given to the models, which hence return as many sets of 
outputs as sets of inputs that were sampled. These outputs are themselves stochastic 
variables, from which statistics of interest are aggregated (such as mean and standard 
deviation of quantities of interest). These statistics are then used to compute an objec-
tive function, which is minimized through optimization of a selected set of design var-
iables. Deterministic iterates or stochastic iterates are used depending on the optimi-
zation algorithm to update these variables. Although operating conditions are not 
subject to the optimization under uncertainty, they may be (deterministic) variables, 
too. Constrained, multi-objective, and discrete integer optimization can also be per-
formed in the OUU paradigm. 





To obtain a reliable estimate of the objective function under uncertainty, hundreds to 
thousands of parameter-sets should be simulated to evaluate the stochastic responses 
of the system. The optimization loop is carried out for the objective function aggre-
gated from such a batch of simulations. Consequently, a batch of many simulations 
must be processed for each set of design variables subject to the optimization, and each 
set of operating conditions. Besides, the phenomena are highly nonlinear, hence im-
plying a vast amount of iterations in the optimization loop and in the simulations. Fur-
thermore, CFD models are typically intensive in both resource and time. As a conse-
quence, methods for both sampling and optimization have to be chosen carefully for 
eﬃcient computations. 
Optimization under uncertainty is particularly challenging with resource- and time-
intensive numerical models, such as CFD. Indeed, when accounting for uncertainty, 
each tested set of parameters subject to the optimization requires many evaluations of 
the stochastic responses of the system to obtain a reliable estimate of the objective func-
tion. Hence, a paramount need exists for eﬃcient implementation of OUU for such 
engineering problems. The methodological approach is generic to any challenging 
multi-disciplinary optimization of an engineering problem where complex nonlinear 
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coupled phenomena are involved and interact with stochastic processes — requiring 
thorough fundamental understanding. Thanks to this generality, both the know-how 
and the implemented tools can be transposed to other domains than SOFCs. 
3.4 Quantities of interest 
The quantities that we are interested in geĴing a quantification (under uncertainty) are 
in particular: 
? Efficiency (system, electrical, …); 
? Electrical power output, and its density (+ potential and current); 
? Indicator of flow uniformity (fuel utilisation ? efficiency and lifetime); 
? Corresponding decision (design) variables, such as geometrical dimensions; 
? Indicator of degradation. 
 
Since we consider a stochastic framework, the value of the quantities in which we are 
interested may be the mean, the standard deviation, a probability, or any other statis-
tic or combination of statistics of those quantities. 
3.4.1 Choice of indicator of flow uniformity 
At least one criterion must be defined to assess the uniformity of the flow — which is 
a relative quantity — and therefore the “optimality” of the geometry. There exist sev-
eral ways of measuring the degree of uniformity (of the flow). The most common (in 
fluid dynamics) is the root-mean-square of diﬀerences over the domain of interest. 
However, in our case, we focus in variations occurring at a scale above ??? ??? ?. In-
deed, the microstructure of the cell (and of the GDL where present) is such that (or 
should be such that) these variations are heavily damped (cancelled) ; dominance of 
diﬀusion rather than that of convection (advection). Besides, all the constraints on the 
geometry in the active zone are such that the characteristic widths (of the cross-section) 
of the flow path are of that order (ca. ?? ?). It is therefore straightforward to use an 
indicator of uniformity which is based on the variations of flow averaged in these sub-
domains. 
An observation of the field of velocity and of the streamlines coloured by velocity al-
lows a qualitative appreciation (as does the pressure field, but less intuitively). To 
measure quantitatively the irregularity of the flow, one method is to plot the velocity 
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against the ? coordinate (transverse). More precisely, it concerns the component of ve-
locity parallel to the mean flow ????. Another way to quantify the homogeneity of the 
flow field is to use an index of flow uniformity used for instance by Huang et al. [53]. 
 ?? ? ? ? ?
?
????










where ?? is the number of intervals or “channels”, ????? ???????????? is the mean ?-component of 
velocity at channel ? and at position ?, and ???????????? is the mean velocity along the ?-line. 
A perfect flow uniformity is indicated by ? ? ? and the worst situation by ? ? ?. 
In our case, we generalise this definition to the flow rate. Indeed, what is important is 
the supply of the species. This definition accounts for possible variations of density 
(depends on mixing composition and temperature), a more accurate indicator is given 
by the mass flux: 
 ???? ? ? ? ?
?
????








As a maĴer of fact, the density varies only slightly along the transversal direction ???. 
Finally, it should be noted that the uniformity of the flow is not a sufficient criterion. 
Actually, the homogeneity of the species distribution is the key factor (see remark be-
low). 
The case of solid oxide fuel cells 
For solid oxide fuel cells, it is the minimum local flow rate which is critical. In the case 
of channels, the most underfed channel is hence the most limiting. 





with ?? ? the vector regrouping the volumetric flow rate in each channel ? of a 
cell element. Alternatively, if the fluid distribution paĴern is not composed of channels, 
? represent the mesh-cell (smallest local division in a simulation). Also, for the distri-
bution in a stack of cell elements, ? would represent the cell element. 
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A perfectly homogeneous flow distribution is indicated by ? ? ?, which is the maxi-
mum value ? can take. The minimum and worst value is ? ? ? in principle. However, 
one of the advantages of this indicator is that ? ? ? indicates a reversed flow. This in-
dicator is used in most of this document. We compare it to ? in more detail in § 4.6.1, 
p. 126. 
In Chapter 8 (p. 213), we used a slightly diﬀerent indicator of flow uniformity, which 
is the deviation of mass flow rate between the minimum and the average. So, it is basi-
cally equivalent to ? ? ? ? ? (with ? defined for mass flow rate instead of volumetric 
flow rate).  This opposition gives the advantage that ? shows directly by how much in 
percent a channel (or element) is underfed. The best value is ? ? ? and the worst value 
is ? ? ?? without reversed flow (? ? ? otherwise). 
For a single repeat element, this deviation is expressed as: 
 ?????? ???? ?
?????? ???? ? ? ?? ??????
?? ?????
? ?????? ??????
For stacked repeat elements, the flow rate deviation in (3.4) for individual repeat ele-
ments becomes: 
 ?????? ???? ?
?????? ????? ? ?? ??????
?? ?????
? ?????? ??????
For both indicators, the ideal channel flow rate ?? ?????? is the same, as it refers to the 
nominal — average — flow per element: 








Why flow uniformity instead of another indicator? 
Actually, what is important is that each chemical species participating in the reactions 
is homogeneously distributed at the triple-phase boundary (TPB), which is the inter-
face where the reactions occur. However, a model representing such a micro (nano) 
scale, while at the same time needing to represent the macroscale, would make the 
problem computationally intractable. Moreover, flow uniformity is a determinant fac-
tor for the species uniformity. It is even the sole factor if 1) the species are well mixed 
in the flow at inlet or mixing occurs before the active zone and 2) the reaction rate is 
homogenous. The laĴer depends mostly on the uniformity of: 1) the flow itself, 2) the 
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temperature, 3) the properties of the cell’s microstructure, and 4) the properties of con-
stituting materials. The field of temperature depends on the boundary conditions, the 
geometry, the flow itself, and the reaction-rate itself (coupling). In consequence, uni-
formity of these factors is key, and that of flow is crucial. As said, the scope of this 
thesis is not to consider in detail the material and microstructure aspects of the fuel 
cells. It is therefore assumed that another research (thesis) is dedicated to the optimal 
design of those aspects such that their negative and potentially interacting eﬀects are 
minimized (i.e., guaranty their homogeneity where required and/or a low sensitivity 
to heterogeneity, e.g. through optimization under uncertainty). 
3.5 Introduction to uncertainties 
The purpose of this section is to explain: 
? What are uncertainties (definitions)? Where and when do they occur? 
? Why accounting for them is important? 
? How uncertainties can be qualified (described, characterized, classified)? 
? How uncertainties can be quantified, reduced, and “optimized for”? 
Basic definition: an uncertainty is a loose/fuzzy concept describing a lack of certainty 
about a proposition. It raises the “philosophical” question: “How certain are we about 
a given certainty?” 
Uncertainty is also a measure (qualitative or quantitative) of the degree to which some-
thing is uncertain (believed to be). Note that we usually assimilate a source of uncer-
tainty to an uncertainty. 
Uncertainties [epistemic uncertainties] result from diﬀerent sources covering many as-
pects, including design decisions not yet taken, lack of specification details, missing 
information, characteristics estimated with rules-of-thumb, or alternative, non-ideal 
behaviour models, — whereas variabilities [Aleatory uncertainties] include aspects 
such as manufacturing inaccuracies1 , variable environmental and operating condi-
tions, or evolution due to ageing. 
Figure 3.7 shows the main kinds of input and output variables which may be uncertain 
in the frame of our study. Note that although we considered the issues of uncertainties 
with a general approach, the robust optimization that we performed in the closing 
chapter of this thesis involves only uncertainty on the height of the channels as input 
                                                     
1 Manufacturing inaccuracies are especially relevant for ceramic components, which are used in SOFCs. 
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to the model. It is important to realize that the model or system itself is uncertain due 
to its constituents being uncertain. Typically, the physics can be described more or less 
accurately: e.g., phenomena considered or not, formulations of the boundary condi-
tions, sub-models used to compute a property, factors not well adjusted, or even an 
entire field of knowledge not considered (“neglected”). 
3.5.1 Why should we quantify uncertainties? 
One could ask, why bother with UQ when safety factors can be applied? First, safety 
factors should not be confused with ignorance factors2. Second, in addition to refine 
safety factors, UQ can provide valuable information. Among others: 
? Uncertainty quantification is an essential part of validation. 
? It can provide a rigorous measure of confidence, and hence, confidence. 
? It supports decision making, and highlights priorities. 
? UQ is an integral part of robust (design) optimization. 
? It may shed light on “hidden” or unintuitive features. 
3.5.2 How to describe uncertainties qualitatively? 
Uncertainties can arise from many sources and can take diﬀerent “forms” (sub-con-
cepts). Besides, some disagreements exist in the literature about what is an uncertainty 




                                                     
2 A safety factor is computed based on documented theoretical or experimental grounds, whereas an igno-
rance factor is only chosen based on impressions or by just guessing (e.g., to allocate twice as much time 
for a task than the duration which initially came to mind). 
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1. A common way of classifying uncertainties: 
The formulation of this section is inspired from a presentation by Todd Oliver during 
the lectures series on UQ in CFD at the Von Kármán Institute, Belgium [54]. 
“Consider a proposition ?. Is ? true? At least three reasons why we may be 
uncertain:” 
 
Aleatory uncertainty refers to the case where the variable is, in essence, a random 
variable. 
Truth of ? varies “randomly”. 
Examples of aleatory uncertainties  
? The number of six after two draws of a dice. 
? The height of a channel. 
 
Epistemic uncertainty: ? is objectively either true or false but given current infor-
mation, we cannot conclusively establish which. 
It refers to the case where the variable can in essence be known exactly to a given pre-
cision, but the data is not available (e.g., cannot be measured with such precision or at 
all). 
Oberkampf et al. [55] define epistemic uncertainty as “any lack of knowledge or infor-
mation in any phase or activity of the modelling process.”  
O'Hagan and Oakley [56] distinguish aleatory and epistemic uncertainty as follows:  
“Aleatory uncertainties are described as arising from inherent variabilities 
or randomness in systems, whereas epistemic uncertainties are due to im-
perfect knowledge.” 
Examples: 
? The diameter ? is larger than ?? ?. 
? The number of six after two draws of a dice. 
? Answering the question “which model is most accurate” ? 
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Vagueness describes the case where the proposition is not clear (specific) enough to 
be definitely true or false. 
Example: the diameter ? is large (yes/no). “Large” is too ambiguous (relative), espe-
cially without context. 
It is important to realize that the same uncertain variable can be either epistemic or 
aleatory depending on the context (i.e., the aim of the study and the statement of the 
problem). Example: the number of six after two draws of a dice can be known exactly 
if an experiment is planed carefully enough, in a reproducible (or at least predictable) 
manner. 
Usually, human error (mistakes) are not considered as uncertainties. Indeed, they 
should be avoided (eliminated). For instance, if one makes a mistake while doing an 
experiment, it should be repeated without the mistake. But what happens if the mis-
take is not seen, or not acknowledged? In other words, what is the degree of certainty 
that a set of data does not contain any human error? Following this argument, we in-
clude (hidden) human errors in the sources of uncertainties. 
Similarly, vagueness and ambiguity should be eliminated, especially when they can be 
assimilated to human errors. Again, they nevertheless exist, and create uncertainties, 
which may not be easily reduced, nor easily detected. 
3.5.3 How to characterize uncertainties quantitatively? 
Let ? ? ?? be an uncertain variable (input) and ? a quantity of interest which depends 
on it (output). The knowledge of the relationship is often not known a priori. Figure 3.8 
schematizes more or less sophisticated means to get information about how our quan-
tity of interest behaves with variation of the uncertain variable. Typical approaches are: 
(a) Deterministic analyses (ignore uncertainties) is the most basic (non-) approach; 
not represented in the figure. 
(b) Local sensitivity analyses: the local derivative of ?  with respect to ?  is esti-
mated/computed at some given value(s) ??  of the input variable. The local 
slope represents the local sensitivity. 
(c) Extreme cases: for an interval of possible values of ?, ????? ??????, what is the 
resulting interval of ? , ????? ??????? As illustrated, unless the function is 
proven to be monotonous, it is dangerous to assume that extreme values of ? 
lead to extreme values of ?. 
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(d) Probabilities: for a given probability distribution function of ?, ??, what is the 
resulting distribution ?? of our quantity of interest ?? 
(e) “Hybrid”: combination of the above means. 
 
 
??????????? ?????????? ????????????? ??? ???????? ?????? ??? ????????? ???? ??????? ??? ???
??????????????????????????????????????????????????
 
In both academic and industrial contexts, (a) and (b) are still the most common prac-
tices. 
The definition of the input uncertainties is critical. As in “garbage-in / garbage-out”.  
For instance, the value of a quantity is often described as ? ? ?? ? ??? ? ??, often 
with ? ? ?. But what does it mean? ? is usually assumed to be the mean, but it could 
be the median. ? and ? can be based on the extreme observed values ?????????, or 
on the standard deviation, or on a quantile ????? ??????, or on ???, etc. Even when this 
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3.6 Examples of issues 
3.6.1 Effect of variable spreading of the sealing material 
This example corresponds to a real-case issue that occurred with the design of our in-
dustrial partner. They diagnosed performance and reliability issues after a change of 
sealing material for a new sealing paste. Investigations hinted that the cause was a bad 
airflow distribution at the cathode induced by an inappropriate position of the sealing. 
Actually, several uncertainties and variabilities concerned the sealing: the dispenser 
may not distribute the paste as uniformly as wished, or not with enough accuracy; the 
paste, although solidifying when drying, may spread more or less during assembly 
and during operation at high temperature. 
Simulations were therefore carried out to study the flow behaviour when accounting 
for a few scenarios about the uncertainty around the spreading of the paste. It consisted 
on the implementation of various widths of bypasses. 
Data: 
? A new pattern is used at the cathode in order to lower pressure drops. 
? This new pattern relies, in the critical entry region, on the sealing paste to define 
the flow field; this aspect will be addressed in particular.  
? Principal direction is now parallel to the mean flow. 
? The height of the FDP has been increased to ????? ?. 
? The sealing paste spreads towards the pattern. 
 
Objectives:  
? Analyse the flow field at the cathode with the current FDP. 
? Estimate the pressure drop. 
? Predict the behaviour of the flow according to risks of manufacturing inaccura-
cies. 
Remark: 
It was demonstrated [57] that pressure drops are essentially dependent of the height 
of the paĴern. The orientation of the paĴern does not aﬀect much pressure drops. 
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Modelling conditions 
Five geometrical situations were considered in order to account for the uncertainty 
about the location of the sealing paste, at inlet and at outlet. 
? Large, medium, thin, and obstructed bypasses between the pattern and the seal-
ing paste; dimensions and scheme are available below; 
? Asymmetric spreading of the paste. 
The flow field was computed without electrochemical reactions and with the assump-
tion of perfect seals3. Properties of the flow are the following: 
? Air at ? ? ???? , ? ? ?????, with ? ? ? 
? Mass flow rate ?? ? ????? ? ?????????  for a flow rate of hydrogen equal to 
?? ?????? ? ???? with a cell of active area equal to ??????. 
Geometries 
The medium bypass is wider than the thin bypass by ca. ???? ?, while the large bypass 
is once again ca. ???? ? wider. Figure 3.9 shows a scheme of these bypasses, along 
with a superposition of the SOLIDWORKS drawing from which the thin bypass results 






                                                     
3 We studied this question[e.g., 13,57]. The material used previously was slightly porous; the new material 
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Results and discussion 
Pressure drop 
Results reveal that pressure drops are sensitive to the width of the bypass. However, 










Distribution of the flow 
As visible on the figures below, the distribution of air strongly depends on the width 
of the bypass. When it is obstructed, the flow field is absolutely not homogeneous 
(nearing zero on the central axis, close to outlet and inlet) . As a consequence, the mid-
dle of the cathode is under-supplied with air. The situation is opposite at the border of 
the cell; this is less critical. In comparison, at the anode, the worst deviation of the bulk 
velocity is ??? and it is about ??? with the optimized paĴern. 
Figure 3.11 shows the evolution of the flow uniformity along the length of the cell. It 
highlights a critical situation if the bypass is obstructed. The situation improves signif-
icantly when the bypass widens. However, the maximum uniformity does not corre-
spond to the largest bypass, but rather to the medium (overall) or thin one (towards 
outlet). 
One of the major problems resulting from these observations is that the behaviour of 
the flow is strongly linked with the distribution of the inaccuracies due to the spread 
of the sealing paste. In other words, the more a solution is reproducible, the more con-
fidence one has with the constancy of the flow field (and accordance with the predic-
tion from simulations).  
A homogeneous distribution of the air between stack elements will be sensitive to the 
FDP thickness and to the bypass width. The laĴer has furthermore a significant impact 
on the air distribution within the repeat element itself. The impact of the sealing paste 
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deposition on the bypass width and on the resulting flow distribution is further illus-






Risk of asymmetry  
Cases where the bypasses are asymmetric are probable. We studied the worst scenarios 
for flow distribution, i.e., when they diﬀer in the transversal direction (?)? However, 
we simulated only mild asymmetries (one increment), judging that the probability of 
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that the results below are convincing enough that the flow is poorly distributed even 






Figure 3.12 shows the field of velocity when the bypass is obstructed on the top and is 
thin on the boĴom. Air flows preferentially along the less resistive path (thin bypass), 
so the distribution is asymmetric. It is emphasized in figure 3.13, which shows the 
streamlines coloured by particle of fluid. The red line indicates where the fluid splits 
between “top and boĴom”, showing the strong asymmetry. 
Figure 3.14 shows the flow deviation on the cell when the bypasses are thin on the right 
and obstructed on the left. With maximal deviations of ??? and ??? with respect to the 
mean flow (unity). With respectively ???  and ???  of deviation, thin & medium and 
medium & large bypasses are beĴer, but still subject to asymmetric flow (figure 3.15). 
This asymmetry lowers even more the amount of oxygen on one side of the cathode. 


































































Variability of the height of the pattern 
Another issue happened with the previous design. At ca. ??? ???, the pressure drops 
measured with a new paĴern were out of specifications. Measurements of the height 
of the paĴern pointed out that it was twice lower than targeted (ca. ???? ? instead of 
ca. ?? ? ). Since these measurements were post-operation, it is however uncertain 
whether they correspond to operating conditions. A CFD simulation for ? ? ???? ? 
indeed predicts a pressure drop of ????? ???, which is in agreement with the experi-
mentally recorded value. We could therefore confirm with confidence that the low 
height measured corresponds to operating conditions, and that it was the cause of the 
large pressure drop. The design was correspondingly adjusted to make sure that the 
height of the paĴern is close to ???? ?. 
?????????? ????????????????????????????????????????????????????????????????????????
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Conclusions 
The way the sealing paste is spread has a strong impact on the air distribution and 
pressure drops. The worst situation occurs when the sealing paste obstructs the bypass 
between the FDP and the sealing paste. In that case, the midline of the cell near both 
the inlet and the outlet is very poorly supplied with oxygen. Besides, the distribution 
of the flow is particularly inhomogeneous in such a situation. Another important point 
to stress regarding the spread of the paste is the risk of asymmetry, to which the dis-
tribution is very sensitive. 
If a symmetric medium bypass is ensured, then distribution is beĴer and total pressure 
drop is acceptable. 
It should be stressed that even if simulations show beĴer results with a larger bypass, 
they are not optimal at all. An important maĴer to keep in mind is that the real seal 
deposition is likely to have a less regular form than the geometry assumed here.  
Hence, the control over the application and the spread of the paste is a critical point. If 
the process is not mastered, then the distribution of the flow and the reliability of the 
stack cannot be mastered. 
Recommendations to our industrial manufacturing partner 
We could give three main guidelines: 
? It must be ensured that bypasses are large enough and as symmetric as possible. 
? Pressure drops are more sensitive to the width of bypasses than to the orienta-
tion of the pattern. 
? The air distribution within the element and within the stack is sensitive to the 
spread of sealing paste. The control and quality of the process is thus essential 
for a satisfactory stack operation. 
3.7 Challenges to solve for this thesis 
3.7.1 Generalities 
Solving such a problem meets several challenges, of various nature. We discuss: 
(1) the obstacles that make an exclusively experimental approach inadequate. 
(a) Measurements of the flow distribution (response); 
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(b) Measurements of the actual geometrical dimensions (input); 
? Both in a stochastic framework, i.e., accounting for variability. 
(2) the main difficulties with an approach using numerical simulations. 
General issues: 
(a) Nonlinearity of the phenomena, i.e., nonlinear effects of factors on responses.  
(b) Interplay of phenomena at different length-scales (and time-scales), e.g. about 
fluid flow, electrochemistry, heat transfer, etc. 
(c) High dimensionality in many ways:  
? parameters (e.g., operating conditions, different scenarios); 
? decision variables; 
? uncertain variables, including sampling of their distribution; 
? spatial dimensions; 
? discretization; 
? many channels (or elements of a pattern) in an elementary cell; 
? many elementary cells in a stack; 
? Combinatorial explosion of some variables (so-called curse of dimension-
ality). 
(d) Discrete variables potentially needed in the optimization. 
(e) Inaccessible or insufficient information by experimental measurements. 
3.7.2  Challenges in the experimental framework 
It was clear from the beginning that, although we planned to focus on a numerical 
study, any experimental result that could support our work would be beneficial. There-
fore, we searched whether there exist experimental ways to:  
(i) either completely replace the need for computerized experiments for the un-
certainty quantification of a specific design; 
(ii) or validate the statistical model (characterization of the input uncertainties and 
convergence of their propagation to an accurate PDF); 
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(iii) or at least, validate4 the modelling of physics (flow distribution), especially 
among cells in the stack. 
 
The outcomes of our investigations are that — for the respective purposes (i to iii) — 
even for a specific (and realistic) design, it is not tractable, or at least particularly chal-
lenging, to either take: 
(A) measurements of sufficient accuracy: 
(1) either because the technique is too intrusive; 
(2) or because it relies on indirect measurements, with an associated model in-
trinsically containing significant uncertainties; 
(3) or because the technique does not allow to cover enough space of the cell with 
a desirable resolution (precision); 
and/or: 
(B) measurements in sufficient quantity: 
(1) either because of (A.3); 
(2) or because the technique cannot be applied on several samples with enough 
repeatability (i.e., sufficient accuracy) for a sound statistical analysis; 
(3) or because the time and cost for (B.2) make the approach unpractical. 
 
Below, we discuss in more detail the issues related first to the measurement of the flow 
distribution (output) and then to the measurements of the geometrical dimensions (in-
puts) . 
1. Measurement of the flow distribution (output) 
It is particularly diﬃcult, or close to impossible (unpractical), to do a proper validation 
and especially to get accurate measures of the flow distribution within many (all) chan-
nels of an element — not even mentioning a stack, especially in operation; nor repeat-
ing measurements on other samples for statistical purposes. 
                                                     
4 With validate, we mean that results not only looks like reasonable, but that numerical and experimental re-
sults are quantitatively in agreement (i.e., that their interval of confidence largely overlap), while account-
ing for their respective uncertainties, and that the corresponding level of confidence is acceptable in view 
of the uncertainty quantification. 
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Aside from a personal research of potential solutions, extensive discussions with 
Dr Navid Borhani [58] and Dr Philip Peschke [59] lead to the conclusion that no prac-
tical solutions exist in the current state of the art. Addressing this particular problem 










? Minimal intrusion 
? High resolution of the 
flow field (detailed 
velocity profile which 
can be integrated to get 
local flow rates) 
? Potentially high 
accuracy 
? Need transparency: not 
the actual manufactured 
pieces, and no 
functioning fuel cell. 
? Small “window” at a 
time, maximum  
ca. ?? ? ??? ??. 
? Need for a dedicated 
test bench able to shift 
the measurements 
elsewhere in a 
reproducible way.  





? Intrusion can be 
controlled, cancelled 
? Large area covered 
? Conceptually simple 
? Easy implementation 
(for a rough estimate) 
? No special equipment 
required 
? Cheap 
? Need a transparent top-
view 
? Not trivial to introduce 
the coloured agent 
homogeneously in the 
stream, such as to get 
accurate measurements. 
? May not be accurate 




? Relatively accurate 
measurement of the flow 
rate in small geometries 
?
? Intrusion increases with 
reduction of channel’s 
dimensions. 
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??????????? ??????????? ??????????
? Difficult to implement 
one in each channel. 
? Expensive (several hot-
wire anemometers) 




? Conceptually simple 
? Relatively easy 
implementation in 
several channels  
? No special equipment 
required 
? Cheap 
? Intrusive  
(holes and resulting 
non-smoothness) 








? Negligible intrusion 
? Large area covered with 
ease (??????? not a 
problem) 
?
? Not accurate enough for 
our physical problem 







? Negligible intrusion 
? Large area covered with 
ease (??????? not a 
problem) 
?
? Not accurate enough for 
our physical problem 
and our purpose 






? Impossible to implement 
for the measurement of 





                                                     
5 This was tried by BELENOS without success, notably due to leakages and too much intrusion. 
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2. Measurements of the geometrical dimensions (inputs)  
To characterize the distribution of the input uncertainties, it is desirable to take meas-
urements of the relevant geometrical dimensions of the FDP. It is relatively easy to 
collect such data before assembling and using a fuel cell stack. But what is really inter-
esting is to characterize these dimensions after assembly, and if possible, as they are dur-
ing operation. This is not a trivial distinction. Unfortunately, neither option is ideal. 
The former can be carried out relatively easily and with good accuracy (e.g., with a 
laser). It is even imaginable to automate the process to collect a large amount of sam-
ples in a reasonable time frame. However, plenty of uncertainties remain about how 
much these data are actually representative of the situation after assembly and in op-
eration. Indeed, assembly can be partly responsible for the variability and/or system-
atic deviation with respect to the nominal dimensions; the mechanical response of the 
materials (e.g., bending, crushing, withdrawal of sintering) due to constraints and high 
temperature6, is diﬃcult to predict accurately, and can be inhomogeneous; on top of 
that, the heterogeneities of the contacting or diﬀusion layers, of the cell, and of the 
sealing material, can also take part in the variability of the internal dimensions. 
The only method that we know, which would allow to characterize the internal dimen-
sions of the stack during operation, is x-ray tomography. This technique is however ex-
tremely expensive and we lack the experience to state whether it would actually be 
feasible in that case. The second approach is hence to characterize the dimensions after 
assembly and after operation. The main drawback in this case is that the procedure is 
intrusive and destructive, with all the associated uncertainties. This approach was nev-
ertheless tried, by cuĴing the stack transversally. This is the subject of Chapter 7. 
Remark: Most of the uncertainties discussed above are epistemic. 
 
3.7.3 Challenges in the computational framework 
Size and complexity of the problem 
The problem is: 
? multi-dimensional in the physical space; 
? multi-scale (length-scale); 
                                                     
6 This applies especially to SOFCs. 
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? multi-dimensional in terms of number of variables, since it involves uncertain 
and decision variables. 
Here is a simple, rather optimistic estimation of the computation time for an optimiza-
tion under uncertainty of one specific design, with model and mesh of average “size”, 
assuming, based on previous experience: 
(a) ? hours per simulated operating point (OP) and per core (high-end 2012); 
(b) Speed-up ratio ca. ? from ? to ? cores per job (? cores per OP); 
(c) ????? stochastic evaluations of OP per set of design variables (SDV); 
(d) ?? OPs per SDV (performance map evaluation); 
(e) ?? jobs of ? cores ran simultaneously in the inner loops; 
(f) ??? iterations per OUU of SDV (outer loop of OUU algorithm). 
 
Sun-clock duration ? ????????? ? ?????? ? ??????? ? ??? ? ??????? ? ????????, non-stop. 
These numbers show that with current computing facilities available at hand, the com-
puting time must be reduced at least by a factor ??? for this study to be feasible in the 
context of a thesis.7 
In addition to duration, temporary data storage may be a boĴle-neck if care is not taken 
to optimize the amount of data… Indeed, total number of simulations in the case above 
would be ? million. Even if results are aggregated in a ?????? file for each simulation, 
total data would amount to ?????? per study. 
Last but not least, a major limitation is the number of licenses of proprietary software 
that can be accessed simultaneously. In fact, this limitation determines the methods 




                                                     
7 Not to mention the fact that exploitation of HPC clusters' rarely exceed ? years. 
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1. Example of sizes of computer-models and respective 
computation time 
Table 3.4 gives an insight of the computing eﬀort necessary to solve various kinds of 
simulated cases. Note that the cases cannot be compared one-to-one, because they were 
not all run under the same conditions or to achieve the same precision (diﬀerent mod-
elling, geometries, discretization, computer, etc.). All the computation times corre-
spond to a simulation ran on 4 cores, but not always on the same machine. Even so, we 
believe it can serve to clarify some order of magnitude. 
Table 8.3 gives further insight of the particularly large computing eﬀort, which was 
necessary for the study described later in Chapter 8. 
Figure 3.17 shows that the scalability is not linear, i.e. not perfect, for a typical CFD 
simulation corresponding to our problem ran on several cores (HPC cluster Pleiades 2a 
in this case). Indeed, on a single core, the simulation takes ca. ??? ??, while it takes 
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2. Available computer resources 
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1 Overclocked CPU. 
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3. Available software licences 
There were ?? shared ANSYS FLUENT software licences made available to the EPFL's 
collaborators. This puts a boundary on the maximum number of simulations that can 
be ran simultaneously: in practical terms2 around 6 during working hours and usually 
?? to ?? otherwise.  
4. Other potential challenges with computing resources 
The following aspects are not as such the subject of this thesis. However, anyone in-
volved in a similar adventure should not underestimate their importance, because they 
are, by the very nature of such work, also at the core of it. 
Software licenses: Their number puts a limit on the number of simultaneous runs 
that are possible. Expensive proprietary software is therefore not the best op-
tion if a sound alternative exists. 
Software compatibility:  
– related to interfacing of software (with some proprietary software, some data may 
not be accessible, or not in an adequate form) 
– related to operating system: multi-platform software are advantageous. Indeed, 
while HPC clusters run almost exclusively on LINUX nowadays3 , a work-
station is however necessary to prepare and test the cases, where MICROSOFT 
WINDOWS is still the “only” adequate choice for using some CAD software 
such as CATIA or SOLIDWORKS (DASSAULT SYSTEMS). 
Architecture/organization: All HPC clusters can compute, but not all are appropri-
ate depending on the “structure” of the problem. What are its limits, e.g., on 
the file system / file exchange / disk read/write speed; queues. 
Reliability: HPC clusters happen to fail and need maintenance. The frequency of 
these failures and of these lacks of availability must be taken into account. A 
direct consequence is that the code should save the data regularly, and orga-
nized in a way such that a computation can be resumed from a “checkpoint” 
if necessary. Besides, it should be noted that the operating lifetime of the HPC 
                                                     
2 We wrote a script whose goal is to run as many simulations in parallel as possible, while ensuring that at 
least five new users can request a license at the time of deciding whether to launch a new one or wait. Other-
wise, our automatic program would take all remaining licences, e.g. for Monte Carlo simulations, pro-
gressively blocking access to everyone else. 
3 Linux was used on ???  of the top ??? super-computers as of June 2010 (almost ???  in June 2015). 
Source: hĴp://www.top500.org/statistics/details/osfam/1 
 3.7 Challenges to solve for this thesis 
 Ųū 
cluster is usually no more than ? years.  
Management of disk space. 
Technical issues: the “ubiquitous” need for debugging, scripting, interfacing, … of 
computer codes. 
3.7.4 Reduction of the computing effort 
Reduction of computing eﬀorts must be of at least a factor ???, as stated above. To 
achieve this target, it is necessary to act on every lever available. Namely, to implement 
eﬃciently: (1) model, (2) uncertainty quantification, (3) model evaluation of objective 
function, and (4) design optimization algorithm. Item (1) includes the level of model-
ling for the physics of the fuel cell, but also the models used for the uncertainties.  
The third stage was underestimated: computing the objective function from the results 
of one simulation is usually a quick straightforward algebraic calculation. Yet, the idea 
here is to evaluate the quality (in a general sense) of a product. The question raised is: 
should the whole operating map be evaluated to quantify the quality? For each candi-
date design and each perturbation? In case the answer is yes, the number of simula-
tions increases substantially. Therefore, a practical method must be found for the eval-
uation of the objective function. 
Taking the most out of HPC resources available is of course not negligible either. 
Item: 
(1) is parallelizable but not well scalable (single simulations based on discretized 
models); 
(2) is parallelizable as long as stochastic variables are assumed independent and 
a suitable method is used to construct the estimator (no classic online update); 
(3) is fully scalable, relying on independent operating points for the creation of a 
performance map; 
(4) is parallelizable in a certain extent, e.g., if classical gradient-based optimization 
methods are not used (the gradients of recent implementation of fmincon for 
instance can be evaluated in parallel, but the algorithm still iterates sequen-
tially).  
It is important here to distinguish the two main stages of an OUU, namely item 2), 
nested into item 4). Both are computationally intensive and hence the best method 
should be chosen to minimize run-time. Eﬀorts to minimize computing time of 2) are 
especially beneficial since it is nested into 3), itself nested into 4). Same reasoning is 
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also true for 1). Care should nevertheless be taken when reducing model complexity 
since it is at the core of accuracy (validity). 
Domain spaces of 2) to 4) must be covered to ensure the confidence in the solution 
(global picture). The resulting total, multi-dimensional search space, is huge. The 
search space for continuous variables is infinite in essence…; the required precision 
(discretization) and the sensitivity of the responses to input changes ultimately deter-
mine the number of evaluations necessary. The domain space of 2) is usually quite 
large in essence because it is usually necessary to sample from probability distribution 
functions to get the pdf of the outputs. Domain space of 3) is constrained and can be 
restricted to the region known to be of interest, leading to high reduction potential. 
Search space for the design variables (4) may be rather large, even if it is constrained, 
because of nonlinearities. It would be even more complicated if some design variables 
are discrete (either on a continuous support, or not, i.e., either Boolean or nominal (rep-
resenting a category)). 
3.7.5 Uncertainties associated to models 
We could have called this section “the paradox of UQ”, or the “dilemma of this thesis”. 
Uncertainties associated to models have as consequence that performing an optimiza-
tion under uncertainty is only reasonable if their impact on the (optimal) solution is 
less than for other kinds of uncertainty — from one order of magnitude at least. The 
best would be, of course, to carry out an optimization considering each potential de-
sign-, operating-, uncertain- … variable. Nevertheless, some decisions must be taken 
since computation time is already considerable in OUU, as seen before. 
Following this observation, the idea is to consider modelling uncertainty as a constraint 
for reducing the model complexity such that computation is feasible, while providing 
accuracy with one order of magnitude beĴer than influences of other uncertainties. In 
a sense, it means solving a multi-objective optimization problem where model “com-
plexity” is minimized and accuracy maximized (optimal model “complexity”). 
The problem might also be taken the other way round, and wait for HPC evolution, 
which is fast: i.e., carry out OUU taking into account model uncertainties and neglect-
ing all others. The advantage of this approach is that simplistic models could be con-
sidered, drastically reducing the computational eﬀort. Nonetheless, it raises the ques-
tion of how sound the solutions may be. Indeed, with such an approach, model 
uncertainties may well restrict the robust design to domains less worthwhile than cur-
rent practical solutions (already proven functional by experience or common sense). 
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To sum up, availability of more powerful computing facilities might be waited for; or, 
evolution of HPC could be anticipated and hence, methodology could be developed 
and implemented such that software and protocols are ready when adequate hardware 
is available. The second choice sounds reasonable, since a PhD thesis is supposed to 
cover a subject that is original and in advance with respect to industry standard and at 
the edge of state-of-the-art. 
In any case, the goal of this thesis is first to develop and implement a methodology for 
OUU applied to fuel cells. 
3.7.6 Tracks to come to a tractable solution 
As was discussed, it is necessary to act on all the available levers to be able to solve 
such a problem. 
The elements (leĴers) below correspond to the one in § 3.7.3, p. 74. 
(a) The model should be as quick to compute as possible. However, its accuracy is 
also important, such as to provide usable results. So it should be “efficient”, in 
terms of runtime over accuracy. 
(b) Take advantage of the computing power as efficiently as possible: code well 
scalable and parallelizable. 
(c) The uncertainty quantification method should be as efficient as possible. 
(d) The quality of the design can be assessed thoughtfully with as few evaluations 
of the model as possible (operating conditions). 
(e) Similar as (b), but in addition to parallelizable, manage to get access to enough 
computing resources (hardware/license of software). 
(f) The optimization algorithm should be as efficient as possible. 
 
It should be noted that the whole problem can also be made quicker to solve by reduc-
ing its scope. That is, for instance, not only the model can use a coarser discretization 
or a rougher approximation to compute the local current density in each channel of 
each cell of a stack, but also, one could judge unnecessary (or not worthwhile) to com-
pute the current density at this level of detail, or to even compute it at all. Similarly, 
the number of uncertain and decision- variables, as well as the complexity of the ob-
jective function, can be reduced. When using a simpler, less accurate, model (function), 
a point exists when not using it makes more sense and can actually lead to beĴer deci-
sion (if otherwise they would be misguided). 
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Let's make a new estimation, assuming that the time-contribution of points (a), (c), (d), 
and (f) can all be divided by ? on average: 
Sun-clock duration ? ????????? ? ????? ? ?????? ? ?? ? ????? , which is close to a full 
week of non-stop computation. This is much more reasonable than ?? years.  
 
One of the diﬃculties arises from the fact that some variables associated to the geom-
etry are both decision variables (optimization) and uncertain variables (uncertainty 
quantification). This complicates the problem essentially for the following reasons: 
(1) Geometry is the first building block of the problem, so that every step should 
be updated in a way or another (more work for the engineer and for the com-
puter). 
(2) Parametrization of geometry can be challenging, especially if one wishes to 
keep a low number of variables and to avoid absurd situations (with con-
straints). Besides, it may lead to discontinuities (singularities) in the mathe-
matical problem. 
(3) Meshes of good quality are determinant for the quality of the results; the solver 
may not converge with a poor mesh. So, meshes must be carefully parameter-
ized, too. 
(4) Changes in topology are especially difficult to deal with automatically. 
(5) The domain of the computation changes. 
  – Ųů – 
“Essentially, all models are wrong, 
but some models are useful.” 
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Modelling approaches 
The objective of this chapter is to describe the main modelling approaches 
considered in this thesis. We first enumerate the most basic elements. 
4.1 Existing software (packages) 
The list of software below is not exhaustive, but it covers a selection of computer pro-
grams, which provide at least some of the necessary qualities to address our problem. 
Modelling, CFD especially 
? ANSYS FLUENT (CFX) 
? COMSOL 
? STARCD, STARCCM 
? NUMECA 
? OPENFOAM 
Geometry and meshing 
? ANSYS Mesher 
? ANSYS ICEMCFD 
? TRELIS (as replacement for GAMBIT) /  
Analyses (DACE, RSM, SSA, Optimization, etc.) 
? ANSYS DESIGNXPLORER  
? MATLAB 
Chapter 4 — Modelling approaches 
ŲŲ 
? DAKOTA 
? DYNARDO OPTISLANG  
? MODEFRONTIER 
? GPROMS (PSE) ? equation solver, focus on both modelling and analyses 
 
Rationale for the choice of software or code 
The criteria were: functionality, price, documentation, parallelizable/ HPC, operating 
system, open-source (i.e., possible to see how it works, and potentially modify/add 
code), and of course, previous experience. 
GPROMS can be interfaced with ANSYS CFD and with MATLAB. A fuel cell module ex-
ists, but after discussion with Dr Pieter Schmal [60] (Head Academic oﬃce at PSE), it 
cannot be licenced to academic institutions because it includes proprietary infor-
mation. 
Given our experience with FLUENT, it was natural to keep this choice for CFD model-
ling, despite the changes not always being absent of bugs since ANSYS bought it. 
COMSOL could have been an interesting choice, given a rather flexible licence policy (to 
run cases in parallel), new users in our research group, tight coupling with MATLAB, 
and a relatively nice equation editor. However, when it comes to complex ?? geome-
tries of industrial designs, COMSOL is usually recognised as weaker than ANSYS (at least 
at that time). For instance, it would probably have been convenient for the geometries 
considered in Chapter 9, but less so for those deformed in Chapter 8 and even less for 
some studies performed for our industrial partners.    
OPENFOAM certainly has two advantages : open-source and free of charge. We believed 
however that the experience built on FLUENT — also from previous researchers in the 
group — and the relatively large amount of licences at EPFL were in favour of FLUENT. 
ANSYS decided to stop licencing GAMBIT; but we met a lot of trouble with the new 
ANSYS software for pre-processing. So, we switched to ICEMCFD and TRELIS for mesh-
ing. Regarding analyses, ANSYS DESIGNXPLORER helped a bit, but it is currently slow 
and “buggy”, so we preferred to rely on MATLAB and DAKOTA for the management of 
the analyses. OPTISLANG (coupled with ANSYS) would probably have been a good al-
ternative. However, at that moment, our group was not yet involved in the project 
“PROSOFC” with the company selling it (DYNARDO), so the licences and proprietary 
nature of the software were the factors to discard it (temporarily). 
 4.2 Pre-processing aspects of CFD 
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4.2 Pre-processing aspects of CFD 
4.2.1 Geometry 
When we study a geometry of our industrial partners:  
The geometry used in the CFD code is exported in STEP format from ?? drawings of 
the product (either from CATIA or SOLIDWORKS, CAD software). After importation in 
the meshing tool, they are then simplified and re-parameterized as necessary depend-
ing on the study. Both of these procedures often involve lots of reconstruction. 
Otherwise: 
The geometry is created and parameterized from scratch in the meshing tool, as 
needed. 
4.2.2 Meshing 
To get as accurate a solution as possible, the quality of the mesh of the calculation-
domain represented by the geometry should be as high as possible. Some common 
indicators are: 
? Local resolution of the mesh (discretization) 
? Gradient of sizes of the mesh cells 
? Aspect ratio 
? Skewness (ESS, EAS) 
It is not trivial to parameterize the mesh, such that when updating the parameters of 
the geometry, the quality of the updated mesh is kept suﬃcient. This is however critical 
in the frame of building a metamodel, performing an uncertainty quantification, or an 
optimization. Indeed, the time spent on meshing manually each new instance would 
make such approach intractable. 
Typically, (fully) automated meshing techniques (e.g., Delaunay triangulation) use tri-
angular elements, because they work with any geometry and the resulting quality is 
relatively robust to geometrical changes. However, triangular-based meshes have two 
major drawbacks: 
? For the same discretization error, the number of mesh cells is larger. 
? The quality of the mesh is intrinsically lower, especially in boundary layers and 
where the fluid flows mostly in a rectilinear way (like in channels) 
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We therefore focused on parameterizing the meshes such as to get quadrangular ele-
ments where it is advantageous. Triangular elements were used where they oﬀer beĴer 
quality (e.g., acute angles, or for transition in complex geometries), and where we did 
not succeed to parameterize quadrangular-based zones robust to changes of geomet-
rical parameters (triangular elements adapt more easily). 
Remark: 
When some parameters control the topology of a geometry, it is often preferable to con-
struct one parameterized mesh for each topology. In that case, the choice of the corre-
sponding mesh-file is controlled with the topological parameters. 
4.3 Modelling of physics – Choice of models 
We need a simulator which is as eﬃcient as possible (tractability × accuracy). Therefore, 
the number of equations and the system that they form should be as simple to solve as 
possible, whereas still providing the adequate accuracy for the intended purpose. 
Sometimes, it is possible and beneficial to use algebraic formulations, either analytical 
expressions or (semi)-empirical correlations. Sometimes, a detailed CFD model (at 
least as a reference/source) is unavoidable. However, most often it is possible to include 
some simplifications in the CFD model. Literature data, algebraic formulations (corre-
lations), or our own tests were used to assess where such simplifications can be ap-
plied. 
For instance, when a flow is fully developed, it is possible, with good accuracy, to re-
duce the computation of the pressure drop to an algebraic model (??). The evaluation 
of the length of the entrance region is therefore necessary to know where the flow is 
fully developed. 
4.3.1 Nature of the fluid flows 
We are dealing with internal flows. 
1. Laminar versus turbulent flows 
This point (1.) is inspired from Incropera et al. [61]. 
The definition of the Reynolds number for internal flows in a channel is: 







with ?? the mean (bulk) velocity of the fluid over the cross-section of the 




with ? the area and ? the (weĴed) perimeter of the cross-section. 
In a fully developed flow, the critical Reynolds number corresponding to the onset of 
turbulence is ??????? ? ????? . Much larger Reynolds numbers ????? ? ???????  are 
needed to achieve fully turbulent conditions. The transition to turbulence is likely to 
begin in the developing boundary layer of the entrance region. For laminar flow 
?????? ? ??????, the hydrodynamic entry length may be obtained from an expression 
of the form [1] 
??????????? ? ????????? ?? 
This expression is based on the presumption that fluid enters the tube from a rounded 
converging nozzle and is hence characterized by a nearly uniform velocity profile at 
the entrance. Although no satisfactory general expression exists for the entry length in 
turbulent flow, we know that it is approximately independent of the Reynolds number 
and that, as a first approximation [2], 
?? ? ???????????? ? ??? ?? 
For the purposes of this text, we shall assume fully developed turbulent flow for 
?????? ? ??. 
The mean velocity of an internal flow is defined as the velocity linked to the mass flow 
rate: 
 ?? ? ???? ? ???????? ??????
2. Entrance of fully developed regions (thermally, 
hydrodynamically) 
The extent of the entry region depends on whether the flow is laminar or turbulent. 
We used usual correlations to estimate it. 
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3. Incompressible vs. compressible flows 
When the speed of the flow tends to zero, any fluid behaves like an incompressible 
fluid. We therefore use the Mach number to judge whether the flow can be assumed 
incompressible with minimal loss of accuracy. 
 





with the ratio of the specific heats ? ? ?????. 
The rule of thumb is that the error is smaller than 10 % when ?? ? ???. 
 







?????? ? ? ? ????????? ? ?  






? ? ? ??????????????????????????????????? 
? ? ??? ???? ???? ? ? ????? ???? 
So, the “worst case” (high Mach number) is for low pressure, small molar mass, high 
temperature, and large mass-flux (variation of ? ? ? ??????? ????? is negligible in compar-
ison). In all cases that we studied, either the Mach number was much lower than 0.3 
(usually ?? ? ???), or the design was clearly weak (e.g., bad flow uniformity, bad ro-
bustness, large pressure drop). 
Remark: 
A guideline can be drawn: from the point of view of the uniformity of the flow condi-
tions (their “robustness”), high-speed flows are not desirable. One of the reasons is 
flow compressibility. So, when designing the fuel cell stack, an eye should be kept on 
the value of the Mach number. It is relatively easy to achieve this. We will see that other 
factors should “ring an alarm” before this one (Reynolds number, turbulence, domi-
nance of inertial eﬀects). 
Navier-Stokes equations for incompressible1 flows are: 
                                                     
1 Which means that eﬀects of compressibility on the flow are neglected (negligible), not that the fluid (e.g., 
air), is incompressible. 




?? ? ???? ? ?? ? ??? ? ?? ? ???
??? ??????
Gravity is neglected since the regime of the flow is forced convection. Furthermore, we 
are interested in the flow when steady-state is reached, or time-averaged quantities if 
the flow is intrinsically unsteady. 
 ?????? ? ? ? ??? ? ?????? ??????
4. Biphasic vs. monophasic flows 
The fluids in SOFCs are gases (? ? ???? ). In PEFCs, gases are usually wished satu-
rated in humidity, but liquid water is undesirable (risk of flooding of the cathode). 
Biphasic flow simulations are notoriously complex and computationally intensive 
even for “academic problems”. Given the context and objectives of this thesis, they 
would be intractable. We assume that the operating conditions are adjusted ade-
quately, such that gases are saturated in humidity all along the fluid distribution pat-
tern, without significant (eﬀect of) condensation. We are however convinced that this 
aspect calls for further investigations by the community and is of high interest. 
5. Pressure drop 
The pressure drop along a channel of length L and hydraulic diameter ??: 






The Darcy-Weisbach (or Moody) friction factor ? depends on the regime of the flow 




With ?? a coeﬃcient that depends only on the shape of the cross-section. It is sometimes 
called the Fanning friction factor. 
 
We rewrite 4.8 with conserved quantities (??  or ?? , depending on the situation). For a 
fully hydrodynamically-developed laminar flow, the pressure drop along a channel is 
then: 














?? ????? ? ???????
To fix ideas, ?? ? ?? for circular channels. For rectangular channels, it depends on the 
ratio a/b of the sides. It is 57 for a square and 96 for an infinite or null ratio (asymptot-
ically thin channel, ? ? ? or ? ? ?).  
Note that in these conditions, the hydraulic diameter simplifies as follows: square: 
?? ? ?; asymptotically thin channel: ?? ? ??, with ? the smallest side (which is limit-
ing). Obviously, ?? ? ? for a circular channel. 
For fully turbulent flow in a channel of relative roughness ???: 
Colebrook (transcendental expression, implicit in ?): 
 
?






Smooth surface condition ???? ? ??, Pethukov: 
 ? ? ?????? ??????? ? ???????? ????? ????? ? ??? ? ? ? ???? ???????
Churchill, explicit approximation covering laminar and turbulent flow regime: 
 
? ? ??? ????
??




? ? ?????? ?????? ??? ???? ? ???? ? ?? ???????? 




In developed form: 



















The model for the electrochemistry and for the system (balance-of-plant components) 
is largely inspired from [62] and [63], which are themselves based on [13,15,27,64–66] . 
Some modifications were made to implement our set of assumptions (e.g., stationary 
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behaviour) and additional information about the flow. Typically, we replaced the av-
eraged values by approximation of local values. We also implemented the local fuel 
and air utilization, depending on the flow uniformity that we compute, instead of the 
global (set) value. Basically, the model relies on an equivalent-circuit approach to com-
pute the cell potential (its components) and the other related quantities [15]. 
The Butler-Volmer equation is [67]: 
 ? ? ??? ???? ?
??????
??? ?? ? ????? ? ??? ??
??????
??? ?? ? ??????? ???????
Where ? is the electrode current density ??????, ?? the exchange current den-
sity, ? the electrode potential, ??? the equilibrium potential, ?? and ?? respectively 
the anodic and cathodic charge transfer coeﬃcient. The activation overpotential can be 
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The overpotential for activation at the cathode is modelled from the Butler-Volmer 
equation, with the charge transfer coeﬃcients ??? ?? ? ???, which simplifies to [65]: 
 ??




with the cathodic exchange current density:  
 ????? ? ??
? ??





The anodic overpotential due to activation is neglected since it is relatively small in 
comparison to that at the cathode (this may diﬀer depending on the cell technology). 
The anodic overpotential due to concentration is formulated as [66]: 
 ?????? ? ?????
? ??
? ????? ? ??????
???????
The overpotential due to concentration at the cathode-side is formulated as: 
 ?????? ? ?????
? ??




The overpotential due to the dissociation of oxygen at the cathode is calculated with: 













with the ionic conductivity of the electrolyte modelled as: 
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The ohmic drop related to the MIC is modelled with resistors: 
 ???? ? ?????? ? ????????? ???????
The resulting cell potential is given by: 
 ????? ? ??????? ?? ?????? ? ?????? ? ????? ? ??????? ? ??????? ???????
The electrical power delivered by the stack is hence: 
 ??? ? ??????????????? ???????
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4.4 Modelling of uncertainties – Choice of models 
Several sources of uncertainties can aﬀect the fuel cells. Ideally, all identified uncer-
tainties should be taken into account. To keep the computation tractable, we focused 
on uncertainties related to the design, rather than the operation, of the fuel cell. 
At first, we modelled actual geometrical deformations with function of forms, that we 
applied to the original geometry (more details in Chapter 8). However, we realized 
that averaged deformations applied to an entire flow path (channel) are suﬃcient to 
characterize the eﬀect on the flow distribution (in our context). Therefore, we strived 
to rather characterize the uncertainty on the channels by taking measurements on a 
real stack (more details in Chapter 7). This is important in order to link such average 
deformations with actual manufacturing tolerances and other production inaccuracies. 
The idea is to extract a statistical model from the measurements, in order to get a prob-
ability distribution function or at least parameters of a theoretical PDF (e.g., Gaussian) 
fiĴing well with the empirical one. Note that by taking measurements on a stack after 
operation, we also directly take into consideration the possible variations due to as-
sembly and operation. 
4.5 Surrogate modelling – Choice of technique 
4.5.1 Reduced order modelling 
Several techniques exist to reduce the size of a problem. It is common in most fields of 
sciences to analyse a system by neglecting variations in some dimensions, especially in 
time and space. 
We investigated ways to reduce the dimensions of the problem in the context of the 
flow distribution into fuel cells. The following section deals in particular with fluid 
dynamics. 
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1.  “Porous media” for modelling hydraulic resistors 
It is common to approximate the flow in a rather uniform paĴern by implementing an 
“equivalent porous medium”. It has been widely used in fuel cells, with success, in-
cluding in a study by the author [12,57,68]. We will show hereafter some instances 
where this technique reaches limitations. 
First, we describe several situations and ways where porous media can be beneficial to 
reduce the requirement in computing resources. Mathematical models are discussed 
further. It is not an exhaustive list, but shows the main idea with a dummy model con-
densing typical usages (see figure 4.1). The geometry of a fluid distribution paĴern 
may contain channels, staggered pins of various shapes, interrupted channels, steps or 
other sudden changes in direction. Some other elements will be discussed later and are 





When meshing a geometry for CFD applications, it is common and good practice to 
“clean” the CAD geometry from small features which would otherwise prevent the 
creation of a mesh of good quality, especially when these features do not impact the 
flow significantly (i.e., less than the loss of accuracy due to a poor mesh/solution). The 
modifications discussed here go further. 
The large diﬀerence of the characteristic dimensions in the geometry often leads to 
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such as space between pins, cross sections of channels, versus big such as length of 
channels, manifolds, and plenums). Figure 4.2 schematizes some simplifications that 
can be implemented for the model in figure 4.1. Long uninterrupted channels, where 
the flow is fully developed, can be replaced by a ?? porous interface having the same 
hydraulic resistance. A large, homogeneous paĴern of pins (staggered or not) can be 
replaced by a homogeneous porous medium (??), with anisotropic resistances if nec-
essary. A simple step or obstacle to the flow can be replaced by a porous medium tuned 
to provide an equivalent resistance (in an adequate range of flow rate). Note that in 
this example, the step does not imply any diﬃculty to get a mesh of quality since the 
geometry is basic. It was however useful as a last resort in a couple of situations. 
 





The aforementioned simplifications can save many mesh cells, many poor quality 
mesh cells, and therefore many hours of computation and of engineering (drawing and 
meshing). Still, planar fuel cells are made of essentially “flat” geometries (apart from 
the manifold of a stack). So, it is reasonable to consider sparing that extra third dimen-
sion (vertical, ?), usually involving at least ca. ?? layers of mesh cells per flow domain, 
and some computation overhead due to the coupling. 
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Figure 4.3 shows some further simplifications that can be implemented to convert a ?? 
model in a ?? model, but correcting it for the lacking dimension. The ?? porous-jump is 
unchanged. The main diﬀerence is the introduction of finite permeabilities in the do-
main wherever the height (??? dimension) is small, which is basically everywhere in 
fuel cells. Indeed, resistance to flow due to that dimension is only negligible when it is 
much smaller than the other dimension of the cross section (asymptotic case of a flow 
between infinite parallel planes).  
Note that in ??, it may be beneficial to keep geometric features such as pins, since com-
puting resources are already significantly spared by removing one dimension. 
 
??????????? ??????????????????????????????????????????????????????? ?????????????????




Basis to all corrections 






With ? ?????the permeability of the porous medium. This law can be wriĴen locally in 
terms of the velocity and of the gradient of pressure.  
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To model an artificial loss of pressure proportional to velocity, the right-hand term is 
added to the Navier-Stokes equation. Note that in CFD software, it is usually imple-
mented in a porous domain, but the permeability (or terms of resistance) can be set 
independently from the porosity, which can stay ?. 
2. ?? with porous media and ?? porous-jump 
To avoid modelling the flow in long channels (rectilinear) for which a good estimation 
can be computed with algebraic expressions, so-called porous-jumps (to create jumps of 
pressure) can be used. The idea is to place a surface in the middle of a shorter version 
of the channel, and aĴribute it a virtual length and permeability. 
A number of considerations should however be cared for: 
? This approximation is strictly valid only for fully-developed laminar flows. 
? As with other instances of virtual permeability, the profile of velocity is flat-
tened when crossing this surface. The flow must therefore re-develop after it. 
The consequences are that the computation of the parameters for these porous-jumps 
are not straightforward. Usually, we advise to keep a long enough section of channel 
before the porous-jump, such that the flow can fully develop before reaching it (so that 
it is not necessary to compensate for the side upstream of the face). The same advice 
holds for the downstream section, in order to guaranty a fully-developed flow at the 
end of the channel. Indeed, the distribution and the pressure drop where the flow exits 
the channel depends significantly on the profile of velocity. Lastly, since the flow must 
re-develop after the porous-jump, the resulting overall pressure drop is overestimated. 
In practice, for most of the cases considered, the diﬀerence was negligible (? ???? ). 
Otherwise, the diﬀerence can be accounted for by casting it into the parameters of the 
porous-jumps; either by estimating it a priori, or a posteriori. 
3. ?? corrected 
As said, some authors already used Darcy corrections to adjust a ?? model for the ?? 
reality. However, to the best of our knowledge, either the situations always satisfy the 
underlying hypothesis (e.g., thin single serpentine channels), such that no significant 
disagreement with reality is noticed, or the Darcy corrections are adjusted each time a 
diﬀerent situation arises for which no analytical or accurate correlation exists. For our 
purpose (OUU), it is however not tractable to rely on non-automatic adjustment.  
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We therefore looked for a generalized expression valid in the situations encountered 
for our designs, or an automated and quick procedure to identify the values of perme-
abilities that minimize the disagreement between the ?? model and the ?? model. 
Approach based on correlations for the friction factor 
J. Dujc et al. at ZHAW proposed the following corrections [69,70] to the ?? steady-state 
incompressible Navier-Stokes equations: 
 
?
???????? ? ?? ? ??? ? ???
?? ? ?????? ??? ???????
The density is corrected by a factor ??? and a term following Darcy’s law is introduced 
(underlined). The corresponding permeability is therefore ? ? ?????? , with ?  the 
height of the cross section (the reduced dimension). It therefore assumes that the ve-
locity profile along that dimension is described by a Hagen-Poiseuille flow, i.e. an es-
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The correction seems valid and relatively accurate for the cases addressed by Dujc [69]. 
When ? ? ?, the resistance induced by the side walls is negligible with respect to the 
top and boĴom walls. Furthermore, in a single serpentine channel, inaccuracies about 
the resistance to flow have no major consequences: the pressure drop will deviate in 
same proportion than the resistance; the fluid properties which depend on the pressure 
of the mixture will only be slightly inaccurate. But the fluid can only flow in that single 
channel, rather than choose the path of least resistance. 
Our applications involve multiple paths for the flow and the condition ? ? ? is not 
satisfied — especially because these dimensions are subject of the optimization, so can 
potentially vary out of the domain of validity. 
We look for a more general correction, which accounts for the parameters of the cross-
section, and not only for its height. 
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And noting that to compute the flow in the plane ??? with a ?? model, then ? ? ?? 
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? ? ? ?? ? ??
???? ? ?????
?? ???? ? ???????
?????????? ???????????????????????????????????? ??????????????
????? ??????? ? ?? ???????
? ? ?? ??? ??
? ? ?? ??? ?????
? ? ?? ??? ?????? ?
? ? ? ? ?? ??? ?????
Remark: 
It is emphasized that in fuel cells, for good reasons, the height of the channels is usually 
not bigger than their width. On the contrary, the width is often bigger than the height, 
to minimize the height of the stacks (and material), the resistance to electric current, 
and to avoid diﬀusion-limitation along the vertical gradients of concentration that 
form with the consumption and production of species at the electrodes. So, we are not 
in presence of the only case for which an uncorrected ?? approximation is valid.?
Test on straight channels of varying dimensions of cross-section 
These ?? corrected models were confronted to the ?? case, on straight channels of var-
ying width and height of the cross-section. The length3 of the channels is ? metre. The 
width is varied in the interval ?????? ??? ? and the height in the interval ?????? ??? ?. 
So, the aspect ratios fall in the interval ?????? ???. Latin hypercube sampling was used 
to cover the space with ??? samples. The simulations were done with ANSYS FLUENT 
V??. The update of the two extreme points failed (issue with automatic meshing) so 
they were discarded. The flow rate was chosen low enough to ensure laminar condi-
tions in each case ?????????? ? ????. 
                                                     
3 The actual length of the channels are usually about ? to ?? times shorter. But here we are interested only 
in the relative diﬀerence between the models ; we use longer channels in this comparison to easily avoid 
managing the eﬀects of boundary conditions, which are not the interest here. 
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Figure 4.5 compares the pressure drop obtained with the ?? corrected models, relative 
to the ?? case (zero line). The ?? uncorrected model is not represented in this figure, 
since it underestimates the real pressure drop by as high as ???? . Figure 4.6 compares 
all models in absolute terms. Our model (TCO) intersects the model “ZHAW” at an as-
pect ratio of ca. ???. The green curve tends asymptotically to the real case for large 
aspect ratio, as expected, but is inaccurate otherwise, especially for ??? ? ? (up to 
???  underestimation). Our model makes a “wave” shape around the zero line, with 
a maximum overestimation of ca. ??  and minimum of ca. ?? . Overall, the RMSD of 
our model, ???? , is ??? times beĴer than that of ZHAW. However, the interval of in-
terest for our applications is typically bigger than ? and may go up to ?? or more in 
areas of distribution (e.g., plenum). 
So, we decided to take over the advantages of both model, by merging them, as shown 
in figure 4.5 (TCO_ZHAW). A conditional statement switches the relation used when 
? ?? ? ???. The RMSD is reduced down to ????? . Besides, the relative diﬀerence is 
kept below ??  (absolute) for all aspect ratios bigger than ca. ?. 
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Remaining issues 
First, the ?? correction, without further fine-tuning, may not be accurate enough for 
our purpose. Indeed, whereas ??  diﬀerence on the evaluation of the pressure drop 
(hydraulic resistance) is good, especially for a ?? model, it may cause problem in the 
uncertainty quantification since it is at the root of the flow distribution. 
Second, these results are valid only for straight channels, with a rectangular cross-sec-
tion and for fully developed flow. 
The next section investigates a more accurate and sophisticated approach for the cor-
rection of a ?? model. In that section, we will discuss results obtained with both ap-






4.5.2 Analytical approach 
1. Flow in a rectangular hollow duct 
In general, channels in a fuel cell or other devices with flow distributors have a cross-
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(laminar, fully developed flow, with constant properties), an analytical solution to the 
equations of Navier-Stokes exists for such ducts (e.g., [71,72]). The profile of the longi-
tudinal velocity is given by: 
































Velocities are naturally zero along coordinates ? and ?. 
  
??????????? ????????????????????????????????????????????????????????????????
??????????????????????????????????????????? ? ??????? ? ????????? ? ???? ?????
 
To model this flow problem in ?? with a correction from a virtual porous medium 
(Darcy), the Navier-Stokes equations are solved in ?? with laminar and steady-state 
conditions. The dimension which is considered infinite in this ?? model is the height4. 
So, the pressure drops due to the top and boĴom walls (in reality) are modelled with a 
virtual permeability. The modified Navier-Stokes equations are again: 
                                                     
4 We are interested in the distribution of the flow among several channels in the plane ???. To get a ?? 
model in that plane, we therefore need to assume ? infinite (top and boĴom walls inexistent) even though 
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The relation between the pressure drop and the bulk velocity is not anymore linear 
(with slope ????). 
We wish to conserve the pressure drop and the bulk velocity between the ?? and ?? 
models. So, the permeability ? is computed to satisfy both conditions. The resulting 
transcendental equation is solved numerically. Note that ? depends only on the geo-
metric dimensions of the duct’s cross-section. So, we could imagine to use it as an alias 










With this “Darcy correction”, it is possible to obtain the correct values of the hydraulic 
resistances. Therefore, for a given flow rate (bulk velocity), the pressure drop is con-
sistent with that of the ?? model. 
The introduction in ?? of a resistive term with a finite permeability is accompanied by 
a side eﬀect: as visible in  figure 4.10, the Poiseuille profile between two infinite parallel 
planes (blue curve) is flaĴened when adding the permeability (green curve). An unde-
sirable consequence of this side eﬀect will be discussed further. 
2. Flow in irregular ducts and geometries 
According to figure 4.10, a ??-like representation of the flow can be reproduced accu-
rately by adding a virtual permeability in the ?? geometry. However, this is rigorously 
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true only for fully-developed, laminar, steady-state flows in rectangular5 channels. Yet, the 
geometry of the FDP may include curved channels, sudden change of cross-sections, 
of direction, as well as steps, plenum, convergent and divergent, etc. Therefore, the 
previous analysis can only be used as a starting point. A more sophisticated procedure 





??????????? ??? ???????? ??? ???? ???????????????? ????????? ??? ?? ???????????? ???????? ???
?????????????????? ???????
 
                                                     
5 Or any other regular geometry for which an analytical solution exist, such as a triangle or an ellipse 
(circle). 









3. Procedure to automatize the calibration of the ?? model 
Geometry 
The geometry was decomposed in sub-domains. Figure 4.11 presents a general 
scheme6 of a fluid distribution paĴern, with zones and interfaces where respectively 
permeabilities were set and numerical measurements were taken. 
                                                     
6 We cannot disclose the detail of the geometry for confidential reasons. 
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Mesh and boundary conditions 
The ?? geometry is a vertical projection of the ?? geometry. This transition allows to 
reduce the number of mesh cells by a factor ? at least, usually ca. ??. The addition of 
porous-jumps to shorten the long channels further allows to reduce the number of 
mesh cells (typically by a factor ?). The greater the number of channels, and the longer 
they are, the more beneficial this technique is (also, more accuracy is kept with longer 
channels). In the example considered here, the final mesh consisted of ca. ??????? 
mesh cells instead of ca. ?????????. 
Division of the geometry in zones 
The geometry is divided in distinct zones. Each duct with a single inlet and a single 
outlet constitutes a diﬀerent zone. In addition, the channels in the active area are di-
vided in two pieces by the porous-jump. Parts with multiple inlets or outlets, or both, 
are aĴributed distinct zones. They are usually not divided, since the exact separation 
of streamlines is not known a priori, and depends on the operating conditions. More 
detail about the advantages and drawbacks of this choice will be discussed later. 
Permeability of porous “volumes” 
In FLUENT, the surface (fluid domain) of each zone ? is aĴributed a permeability ?? in 
the Porous Zone tab of the Fluid panel. The procedure to compute these permeabili-
ties is explained below. 
Inlet flow rates and profiles 
For each inlet, the corresponding mass flux7 ??????????? is extracted from the ?? re-
sults8 and imposed to the ?? inlet, such that bulk velocities are conserved if the density 
is unchanged: ??????? ? ???????. Moreover, to avoid inaccuracies due to re-develop-
ment of the flow in inlet zones, we also extract the ?? velocity profiles. The ?? profiles 
are created by averaging (weighted) over the third dimension and with a correction to 
account for the virtual permeability of the corresponding zone. 
                                                     
7 In ??, the mass flow rate ?????? depends on the reference depth (??? dimension), which is only used for 
post-processing in FLUENT. 
8 Either experimental results, if they were available, or results from a ?? simulation, as in our case. 
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Outlet pressures 
The pressure relative to the gauge is usually set to zero (average) at outlets for a first 
simulation (??). However, with several outlets, the gauge pressures after computation 
are typically not exactly zero for every outlet (e.g., relative standard deviation of ??? ). 
So, the outlet pressures are extracted from the ?? results and imposed in ??: ???????? ?
???????. 
Source (sink) of mass 
Like in ??, the production (respectively consumption) of species is modelled via a vol-
umetric source (sink) of mass, ?? . The only diﬀerence is that the “volume” correspond-
ing to the ?? surface where the source is imposed is defined according to a reference 
“depth” in FLUENT (????, which appears in the expression of the volume and of the 
mass flow rate). 
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The change of pressure across a porous-jump is ?? ? ??? ??????, with ? and ?? the dy-
namic viscosity and bulk velocity of the flow crossing a membrane of permeability ? 
and width ??. To compute the correct value of ?, it is important to use values of ? and 
?? corresponding to the state when crossing the membrane, i.e., accounting for the 
source of mass. The width ?? is set in software; the surface representing the membrane 
in the mesh has no width. 
 
Description of the calibration procedure 
The goal is to minimize the diﬀerences of information gathered between the ?? and 
the ?? model.  
Initialization of the permeabilities 
To choose reasonable initial values for the permeabilities is essential to allow — or at 
least improve — the convergence of the following optimizations. The aforementioned 
semi-analytical method to estimate the permeabilities is useful here. 
 
Three procedures were tried to calibrate correctly and as quickly as possible the 
???model with the ?? results, by adjusting the permeabilities. In each case, the focus 
was to minimize the disagreement of the flow rates in channels of the active zones 
between ?? and ?? . This disagreement was quantified in terms of the root-mean-
square of relative diﬀerences (RMSD). 
1. Using fgoalattain and fmincon in MATLAB 
This procedure was not conclusive. The optimisation algorithm behind fgoalaĴain and 
fmincon computes gradients to search the minimum. Unfortunately, the current version 
of the adjoint-solver of FLUENT does not support porous zones. So, the gradients can 
only be evaluated numerically, by running simulations. Moreover, the algorithm must 
compute the gradients for each permeability ??, which are the variables of decision 
(? ? ?? in our test). Last but not least, the strong nonlinearity of the simulations with 
respect to the values of ?? always induced a divergence of the flow solver or of the 
algorithm. It is indeed time-consuming to evaluate numerically several gradients of a 
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highly nonlinear functional by running a “black-box” simulator. The nonlinearity and 
the “blindness” of the algorithm regarding the black-box, results in high risk of inac-
curate evaluation of gradients, leading the algorithm to take a wrong direction. 
2. Calibration by comparison of the static pressures 
A more robust approach was necessary. The idea is to find optimal ?? such that pres-
sures in ?? matches those in ?? at several interfaces of “measurement”. These inter-
faces correspond to the divisions in zones of distinct permeabilities. Since the ?? pres-
sures at outlet are imposed equal to those in ??, permeabilities are iteratively changed 
from downstream to upstream, such as to satisfy: 
????? ?????? ? ??????? ? ???????? ? ? 
where ?? ? indicates the interface between adjacent zones u upstream and ? down-
stream with permeabilities ?? and ?? and ϵ is a tolerance threshold. When several up-
stream interfaces belong to a single porous zone (i.e., one permeability), the maximum 
deviation of pressure is minimized. 
Permeabilities are changed as follows: 




with ? ????? ?? an adjustable factor of relaxation to control convergence. With 
equation (4.58), when the static pressure is overestimated in ??, the permeability is in-
creased to correct it, and vice-versa. To reach a stable calibration, the permeabilities 
must be updated based on a well converged simulation. So, to use low values of ? is 
wise. 
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3. Refinement of calibration by comparison of the flow rates 
From the point of view of the performance and lifetime of the fuel cells, accurate 
knowledge of the flow rates (distribution) is more interesting to us than the local pres-
sure of the fluid. The following procedure is used as a refinement to the previous one. 
? ? ???? 
? ? ? ? ? 
? ? ???? 
? ? ? ? ??
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Since flow rate is conserved in the distribution network (except in the active zone), the 
degree of freedom to adjust them is less than for the pressures. So, it is only useful to 
compare ?? and ?? flow rates at one interface along each full branch (i.e., without sep-
aration of flow). Nonetheless, to reach a correct flow rate, there is freedom to update 
the permeability of any of the zones belonging to such a branch. It is convenient to 
update only one zone with the equivalent resistance necessary. It is preferable when 
possible to keep a low permeability in zones subject to inertial eﬀects (channels up-
stream of an enlargement, and the enlargement itself). Indeed, those are damped when 
the permeability is decreased. 
Otherwise, the procedure is basically similar as above, except that here flow rates in-
stead of pressures are compared between ?? and ??. Besides, the permeability is in-
creased to compensate an underestimated flow rate in the corresponding zone. 
4. Using globalsearch and patternsearch in MATLAB 
Since the response to the simulation is nonlinear and it seemed that fmincon and fgoalat-
tain get stuck on local optima (when they terminated), we tried alternative algorithms 
to search for a global optimum, or at least other local optima. Globalsearch seemed a 
good candidate, since it generates many start points stochastically, but still uses fmin-
con (gradient-based) for a fast convergence to the solution. With it, we could decrease 
the disagreement between ?? and ?? , compared to fgoalaĴain and fmincon (alone). 
However, the results seem not to be reproducible consistently and it is slow to test all 
the start points not discarded by the heuristic procedure of globalsearch. 
We considered that it is a good sign that the response of the simulation is not smooth, 
probably in part due to the behaviour of the flow solver when provided with input 
variables for which it cannot (easily) find a physical solution (e.g., problem of conver-
gence, reversed flow, etc.). Therefore, we tested algorithms not relying on gradients. 
According to MATLAB documentation [73], paĴernsearch is usually the most successful 
and eﬃcient of “derivative-free-optimization” solvers implemented in the software. 
Contrary to others (particle swarm and genetic algorithm), it is proven to converge to at 
least a local optimum. Simulated annealing also has a proof of convergence, but only 
under very slow cooling schedule. In addition, “The paĴern search algorithm is robust in 
relation to objective function failures. This means paĴernsearch tolerates function evaluations 
resulting in NaN, Inf, or complex values.” [73]. 
PaĴernsearch proved successful, by providing a solution similar to our own “fluid-me-
chanics” based algorithm. Note that only the value of the objective function is almost 
equal: RMSD of central flow rates of ?????  (our approach) and ?????  (paĴernsearch). 
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The values of the “optimal” permeabilities however diﬀer by several order of magni-
tudes, leading to much larger pressure drops. Since we focus on the uniformity of flow 
distribution irrespective of the pressure level, constraints have not been set for pres-
sures to avoid this situation. If we did, a solution similar to our approach would prob-
ably have been reached, but we let freedom to the algorithm in the hope to further 
minimize the diﬀerence between ?? and ??. 
Remark about computation time 
The computation time for all the aforementioned aĴempts of calibration was consider-
able. To reach a beĴer solution than our initialisation, it always took more than 
ca. ?? hours of computation on ? cores (at ???? ??? with Desktop in Table 3.5). 
Analysis of the results 
The following results correspond to the best of the optima found, for which the pres-
sure level is as in our ?? model (i.e., minimization with our algorithm). It can be noted 
already that a RMSD of ca. ???  highlight the inability of that approach to provide 







On the synthetic view of figure 4.15, pressures and flow rates on the right seem to 
match rather well. A look at the leftmost graph nevertheless sheds light on the rather 
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large remaining relative diﬀerences between ?? and ??, especially for flow rates and 
at certain locations. Figure 4.16 shows the flow rates in more detail and figure 4.17 
shows the pressures. It can be seen on the laĴer that the pressures are well matched, 
easily falling into the ????  bands (ca. ????  maximum diﬀerence). The case is com-
pletely diﬀerent for the flow rates. They almost fall within these bands, but with much 
more variations. Actually, the large discrepancy for interfaces D, E, and F, for instance, 
would not be too dramatic for our future use of the model. The discrepancy in the 
central channels are much more problematic. Indeed, the index of flow uniformity in 
the active zone would be unreliable with diﬀerences of up to ??? . Besides, the shape 
of the flow distribution itself is not reproduced. In the next section, we discuss with an 
illustrative example the factors responsible for such disagreement between ?? (cor-
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Inertial effect not reproduced by the corrections 
The main identified reason for the aforementioned discrepancy is that the inertial ef-
fects cannot be reproduced by, or should we say due to, the correction (set with virtual 
permeabilities). A major issue when adding a virtual permeability is indeed the dimi-
nution of the inertial eﬀects. Indeed, the Darcy term ?? ?? ??? added to the Navier-
Stokes equation is directly proportional to velocity and not to the spatial variation of 
velocity like the convective and diﬀusive terms: ???? ? ? ? ?????. Hence, any charac-
teristic of flow distribution which depends substantially on inertial eﬀects, such as jets 
and sudden change of direction, cannot be correctly reproduced. They are “damped”. 
Figure 4.18 shows a typical geometry where such a problem occurs. Our point is beĴer 
highlighted with this geometry, because the flow behaves completely diﬀerently when 
the gas is supplied from one side or from the other. Both models capture a diﬀerence 
of behaviour, but the ?? model fails to match with the ??. 
The convergence of each case was checked with residuals, by monitoring the conver-
gence of the flow rate in the channels, and with the mass balance. All relative measures 
are lower than ????. The overall pressure drop is slightly higher (ca. ?? ) for case A. 
For case A and B, the pressure drop computed with the ?? corrected model underesti-
mates that of the ?? model by ca. ?? . In large part, this is due to the intermediate 
distributor zone, which is subject to a uniform permeability, whereas in reality (??), 
dissipation due to flow friction against the lower and upper walls (inexistent in ??) is 
higher in regions with high velocities. 
Figure 4.18 clearly emphasizes that for case B, ?? corrected and ?? models do not 
match. The maximum relative error is ??? , and the MAD is ?? . Conversely, both 
models match relatively well for case A, exhibiting a maximum relative error of ????  
and a MAD of ?? . For both cases, the error is not systematic, since there are over and 
under-estimations of the flow rate in approximately same proportion (mean of errors 
is close to zero). Interestingly, flow uniformity of case A is also significantly beĴer than 
for case B: for A the deviation of the maximum is ????  (????  in ??) and 2.1 % (????  
in ??) for the minimum, whereas for B they are respectively ????  (????  in ??) and 
????  (????  in ??). From these numbers, it is also clear that for case B, the ?? corrected 
model underestimates the deviation of the minimum flow by almost a factor ?. So, we 
believe that it would be dangerous to take decisions with the ?? corrected model when 
such cases can occur. The risk is besides exacerbated if an (optimization) algorithm 
bases its decision with such results (hiding the reasoning and bigger picture to the en-
gineer). 
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Nevertheless, an important conclusion can be drawn from this example. Indeed, it 
seems that the main reason explaining that the flow uniformity is beĴer for A than for 
B is the same reason explaining that agreement between ?? and ?? is beĴer for A than 
for B. The supplying channel at inlet of A is around twice as large as that of B (and so 
is the bulk velocity). The inertial eﬀects are hence more pronounced for B than for A 
(?? ? ????? vs. ???) even if the height, being smaller, is limiting the change of hydrau-
lic diameter. Interestingly, this inertial eﬀect (creation of a jet) is, in this situation, pre-
ponderant over the inclination of the inlet channel, which is disadvantageous for A. 
 
 




Conclusion for the ?? corrected model 
As discussed, even with lengthy calibration of the corrections for particular geome-
tries, the ?? model is unable to match the ?? model with suﬃcient accuracy at the level 
of the flow rates. It should be noted that the model could be refined, for instance by: 
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? Subdivide even more the domain of computation, to assign a correction at a 
smaller scale. Typically, zones connected to several channels could be divided 
in as many zones. 
Yet, even if more accurate predictions could be obtained with such solutions, it would 
not be adequate for our goal. Indeed, calibration would still be required when the ge-
ometry is changed (either during the uncertainty quantification, or the optimization). 
So, increasing the complexity and the number of variables to optimize for would be, in 
our opinion, counterproductive. The ?? model could actually be quicker to run, while 
keeping its intrinsic higher accuracy. 
Actually, since we are mainly interested in the flow distribution — rather than the de-
tailed flow profile (velocity vectors and pressures) — an alternative approach may be 
to further reduce the dimensions and the coupling of the problem. The related investi-
gation is the subject of the next section. 
4. ?? or quasi ?? — hydraulic network (lumped model) 
In addition to the aforementioned reason, another motivation for the development of 
this model was the need for a quick model to develop the tools related to the uncer-
tainty quantification and the optimization of the design (testing and debugging). 
We use the analogy with electric circuits, keeping consistent units for power: 
 ?? ? ????? ? ???? ? ???? ? ???????
We test the flow distribution of a standard configuration taken from [52]. The resistive 
network flow model was calibrated with a ?? CFD model, but only at the level of the 
manifold (virtual resistances).  
The main hypotheses are: 
? Laminar or linearized turbulent flow regime; 
? Fully developed flow; 
? Constant (or averaged) parameters along the duct’s segment ??? ??? ???. 
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To solve the resistive network, we used a MATLAB code graciously provided by 
Prof. W. K. S. Chiu from the University of Connecticut [21–23]. 
The original application of the code is not flow network, but it was relatively easy to 
adapt it for our needs. Besides, the code was made ca. ?? times faster, partly by tailor-
ing it to our purpose, and partly by reorganizing it (pre-allocation, vectorization, 
avoiding slow usage of MATLAB, etc.). 
4.6 Uncertainty quantification – Choice of technique 
4.6.1 How to treat the combinatorial problem? 
Statement of the problem 
Consider ?? channels. Their dimensions are random variables. We assume that they 
are manufactured with the same tolerances (identically distributed random variables). 
Let’s also first assume that the random variables are also independent. 
Consider that their PDF is described by ?? samples.  
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To fully describe the stochastic responses to the variability of the dimensions, the num-
ber of evaluations of the system is hence: 
 ????? ? ??
???? ???????
Even if the PDF of a characteristic dimension of the channels could be represented ac-
curately enough with ?? ? ? samples, the number of evaluations for ?? and ?? chan-
nels would be respectively of the order of ???  and ???? . With ?? ? ?? samples, it 
would be respectively ???? and ????. 
 
The following question was raised: Let’s consider that only one channel (or a few) is 
represented by a random variable, and all other channels are aĴributed the nominal 
value (average). The channel is either chosen randomly, or with a priori knowledge of 
which channel’s variability has the most eﬀect on the responses. Is the resulting simu-
lation representative of the reality (which is, that all channels can vary)? 
A basic example 
To investigate and illustrate our point, we considered the simple network illustrated 
in figure 4.20. 
Figure 4.21 clearly shows two important points: 
? If all channels are subject to variability, it is fundamental to attribute a distinct 
random variable to each of them, and therefore to sample for all of them. If the 
variables vary synchronously (full dependence), it is unnecessary, but it is the 
only, unlikely, case. 
For instance, by sampling one channel out of ??, the prediction would be: there is ???  
chance that a channel is underfed by ?? . But when accounting for all channels, the 
risk is basically ???? . In that case, there is ???  chance that a channel is underfed by 
??? . So, ?? elements in a stack of ???. 
? The indicator ? is more relevant than ? to emphasize strong local flow devia-
tion, and therefore to judge the risk of degradation. Furthermore, the cumula-
tive distribution function (CDF) of ? displays a wider range of values. As a con-
sequence, the slope is less sharp, giving the ability to take decision in a more 
nuanced manner, rather than “on/off”. 
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2. Dependence and correlation of the random variables 
The eﬀect of random variables on the responses is not the same if they are independent 
random variables or not9. Dependence of the variability of the dimensions can arise 
and depend on the manufacturing process, assembly, and operation. The variables 
may be positively or negatively correlated. Figure 4.22 is an example of potential neg-
ative correlation. It shows a misalignment and distortion of a rib separating two chan-
nels. As a consequence, while the width of one channel will reduce, the width of the 
                                                     
9 Normally distributed and uncorrelated does not imply independent.  
??????????
?????? ??????
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other will increase. Note that this is only true under the assumption that other ribs vary 
independently. A positive correlation can arise for instance when a part is machined: 
the width of a groove decreases as the tool (e.g., drill) wears. 
 
 
???????????? ????????????? ??? ????????????? ???? ??????????? ??? ???? ????? ???????? ????????
?????????? ???? ????????? ????? ?????????? ????? ?? ??????????? ??? ?? ?????
?????????????????????????????
 
4.6.2 Some strategies to tractability vs. accuracy 
We are interested in strategies to get accurate information on the output uncertainties 
in as few simulations as possible (and as quick simulations as possible). The outputs 
are random variables and ? simulations provide ? realizations of them, from which 
we can derive estimations of their statistics. We also want information about the quality 
of the statistics, preferably “online”. This is useful to avoid running an arbitrarily large 
number of simulations when only a few are necessary to achieve a desired level of 
accuracy. For instance, when the variability of the input is lower, or when the sensitiv-
ity of the response is lower. 
1. Online recursive update of mean and variance 
A numerically stable online algorithm to compute the mean and the variance is [74]: 
Initialisation:      ??? ? ?, ???? ? ? 
Updated sample mean:   ??? ? ???? ? ?????????  
Updated sum of squares of diﬀerences: ???? ? ?????? ? ??? ? ?????????? ? ???? 
Updated sample variance:   ??? ? ? ??????? ? ? ? ? ? 
Update population variance:   ??? ? ? ?????  
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2. Variance reduction with control variates 
Many techniques exist to reduce the variance of an estimation: e.g., conditioning, strat-
ified sampling, importance sampling, draw recycling, antithetic draws, control vari-
ates, … We implemented control variates. 
Here is an outlook of the method. 
Consider ? an output of the simulation, for which we desire to estimate its expectancy: 
? ? ???? 
Note that ? is a random variable, which can already be a statistic. For instance, we are 
interested in the expectancy of the minimum flow rate which occurs in a fuel cell, or 
the expectancy of the average flow rate in one element. 
We can reduce the variance of the estimation of ? by using the information we know 
from another output of the simulation, ? , for which we know its true expectancy: 
???? ? ?? 
? ? ? ? ???? ? ??? 
???? ? ???? ? ? 
?????? ? ????? ? ???? ? ?????? ? ???????? ? ?????????? ?? 
The goal is to minimize ??????. By deriving twice the expression, it can be shown that 
?????? is minimum for: 
?? ? ??????? ????????  
Since ?????? ?? and ?????? are usually not known, we use their sample estimates: 









An estimator of ? with a reduced variance (controlled with ?), is then: 
?? ? ?? ? ?????? ? ??? 
And the improvement (reduction) of the variance is: 
??????
?????? 
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Example 
Figure 4.23 shows an example of the use of control variates for estimating the system 
eﬃciency. The chosen control variate is the height of the channels at cathode. Not only 
the variance at a given number of simulations is reduced (MSE bands are narrower), 
but also the controlled mean converges more quickly than the sample mean towards 
the “true” (population) mean. 
So, we can achieve the same precision with less simulations. It is useful also in the 
context of optimization, where noisy responses are not desirable, especially if gradient-
based algorithms are used. 
Furthermore, it is especially useful when used as a criterion to stop the sampling loop, 
rather than arbitrarily choose a high number of samples. It allows to reduce the number 
of simulations in regions of the problem where the response is less sensitive to input 
variability, or when the input variability is lower. 
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3. Latin hypercube sampling 
Compared to (pseudo)random sampling (pure Monte Carlo), Latin hypercube sam-
pling (LHS) is an eﬃcient way to get more precise statistical estimates with a given 
number of samples [75]. The idea is to beĴer cover the space of the random inputs.  
It should be noted, however, that all samples generated with LHS (or other DOE tech-
niques) should be used to fully take advantage of its properties. Therefore, control var-
iates are less useful with LHS than with “pure” random samples; but it is also less 
needed, since statistics based on LHS converge faster. 
4. Statistical analysis with bootstrapping 
Bootstrap is a technique which allows to estimate more precisely the statistics of ran-
dom variables, when a given number of realizations are available. It is especially useful 
to have a beĴer estimation of the MSE of such statistics10. The basic idea is to resample 
from these realizations to improve the estimation of the statistic. It is an inexpensive 
computation, since the values corresponding to the realizations are already available 
when bootstrap is applied. However, it is usually overkill to draw more than ? ? ??? 
“bootstrap” re-samples or to apply bootstrap in steps smaller than ? (except for the 
sake of displaying a smoother curve of convergence). The convergence of the boot-
strapped MSE of the standard deviation of various quantities of interest is shown on 
Figure 4.24. For this example, the rate of convergence is basically identical for each 
quantity. It shows that ca. ??? simulations are necessary to achieve ?????? ? ???? and 
ca. ????? additional simulations (so ? times the resources) if a threshold of ???? is de-
sired. 
                                                     
10 The mean is the only statistic for which an analytical expression exists for its MSE as a function of the 
number of realizations. 
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Surrogate modelling: 
tractability vs. accuracy 
This part describes the research conducted to build an eﬃcient simulator, i.e., 
a programmed mathematical model whose ratio “accuracy over computational re-
sources” is adequate for the intended purpose. 
 

  – ūŭű – 
 
« La science consiste à passer d'un  
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Sensitivity to simulator’s attributes 
5.1 Introduction 
The purpose of this chapter is to analyse the sensitivity of the simulator accuracy and 
of its related computational resources to its aĴributes. By aĴributes of the simulator, 
we mean all choices in the software (simulator), which together form the function of 
transfer between the “true” inputs of interest and the outputs. An aĴribute consists of 
a “name” (or key) and a “value”. It may be a quantity, but is often a more complex 
object, such as the choice of a physical model or of a numerical method. 
The factors of the following sensitivity analysis are the aĴributes of the simulators. The 
responses are 1) estimators of the computational accuracy and 2) indicators of the com-
putational resources (tractability). The objective is to analyse the eﬀect of the factors 
on the responses — in other words, the sensitivity of the responses to the factors. 
It is possible to estimate, without actually running simulations, the eﬀect of some at-
tributes on the computational resources (especially memory, storage, and to some ex-
tent, time). However, estimating their eﬀect on the computational accuracy usually re-
quires running the simulator. 
5.1.1 Indicators of tractability and accuracy 
1. Typical indicators of tractability 
? CPU time; 
? RAM: minimum ???? per million of mesh cells; 
? Space for data storage (on disk); 
? Number of iterations of the solver (usually less important than time). 
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2. Typical indicators of accuracy 
Basically, the indicators of accuracy are the quantities of interest, such as for instance: 
? Velocity; 
? Pressure (drop); 
? Mole fractions of species; 
? Temperature and/or heat flux; 
? Cell voltage, or current density if voltage is imposed; 
? Electrical efficiency. 
Often, only global quantities are ultimately necessary (e.g., eﬃciency, average of tem-
perature or voltage, etc.). Nevertheless, it may be desirable to consider some local val-
ues (profiles or fields) during the sensitivity analysis, because they tend to be more 
sensitive to changes, and their variance is therefore easier to capture precisely. 
3. Combination of indicators 
Most of the time, several quantities are important. For example, if the temperature is 
computed accurately but the voltage is largely overestimated, then the simulator does 
not provide valid information about voltage. Besides, as stated above, information 
about local values is sometimes desirable. We therefore need a technique to aggregate 
the results. Among the various existing aggregation technique, we use the root mean 
square diﬀerence (RMSD) to compute a single indicator out of ? indicators: 











The case and values of reference are discussed below. For several local and global val-
ues, we simply repeat the process: the relative diﬀerence of the local values are aggre-
gated into global RMSDs, before computing a final single indicator by taking the 
RMSD of those  RMSDs. 
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5.1.2 Generalized procedure 
Main assumption and its justification 
The absolute accuracy of a simulator cannot usually be determined (exactness of the 
model and precision arising from its implementation in a program). Therefore, we 
must use a simulator of reference as a replacement for a hypothetic perfectly accurate 
simulator. Ideally, the reference is the most detailed, valid, simulator available. It is 
assumed to be the closest to the “true” real-world situation, which would be repre-
sented by a perfectly accurate simulator (i.e., exact model implemented with infinite 
precision). The motivations for this choice are that: 
? the most detailed simulator is also the most computationally intensive; 
? we have no proof that the quantities of interest of the real-world situation that 
are computed can be measured with greater accuracy; 
? even if a simulator is more accurate than the reference to which it is compared, 
the magnitude of the difference is still indicative of the effect of the factors on 
the responses. 
Based on this last point, we can also choose as a reference a simulator which provides 
an intermediate level of precision. In that case, it is however not considered as the most 
precise, and hence not the most accurate. 
Decisions to improve attributes to get a better simulator 
Therefore, the following decisions can be taken based on the results of the sensitivity 
analysis: 
? If the effect of a factor is negligible on accuracy and tractability, then for this 
factor, its level (value, property) can be chosen freely. 
? If the effect of a factor is negligible on accuracy only, whereas tractability is 
significantly affected, then the level of the factor which corresponds to the most 
tractable simulator is chosen. 
? If the effect of a factor is negligible on tractability only, whereas accuracy is 
significantly affected, then the level of the factor which corresponds to the most 
accurate simulator is chosen.  
Alternatively, a level allowing accurate enough simulations can be chosen if the 
increase in tractability is judged worthwhile the loss of accuracy (surplus of 
accuracy). 
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? If the effect of a factor is significant on computing- accuracy and tractability, 
then: 
? Is there a level of this factor for which the simulator is accurate and tractable 
enough? 
? If yes, it is chosen (the best compromise). 
? If no, the problem cannot be solved under the wished requirements of accuracy 
and tractability. It must be investigated whether the requirements can be loos-
ened or what prejudices arise from their non-fulfilment. 
 
Figure 5.1 illustrates the conceptual flowchart used to build an adequate simulator for 
optimization under uncertainty. The processes (rectangles) are described in the next 
sections. Programming depends on modelling and both can aﬀect accuracy and trac-
tability, but it is useful to distinguish them. Indeed, modelling aﬀects accuracy mostly 
regarding exactness, rather than regarding precision for what concerns programming. 
Improve the tractability of the simulator 
The tractability of the simulator is improved by first acting on the factors that have the 
most eﬀect on tractability and the least eﬀect on accuracy. To achieve this, we can sort 





with ?? the eﬀect of the factor?? on the estimator ?? of accuracy (?) or tracta-
bility (?). 
With modern computers, “over-precision” is a common tendency, so that the lack of 
accuracy often comes more from a lack of exactness than a lack of precision. Besides, 
around such a level of precision as used nowadays, the need for computer resources 
increases faster with increase in precision than accuracy does. Therefore, when im-
proving tractability is desirable, a good practice is usually to first act on factors aﬀect-
ing accuracy, then those aﬀecting precision, and lastly those aﬀecting exactness. 
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Tractability can be improved in the modelling and programming processes (assuming 
problem statement is not changed). We suggest the following steps of improvements: 
Programming 
(1) Improve the code: e.g., pre-allocation of memory, minimize accesses to disc 
(read-write of files), minimize access to memory which can be avoided. 
(2) Implement more efficient algorithms (linked to point 1); 
(3) Relax precision: e.g., resolution of discretization, tolerances on residuals. 
Modelling 
(4) Act on physical models included, assumptions and boundary conditions; 
(5) Use surrogate modelling: 
(a) Reduced-order models or; 
(b) Meta-models (approximation or interpolation). 
Improve the accuracy of the simulator 
The accuracy of the simulator is improved on factors by first acting on those aﬀecting 
more accuracy than tractability. Before rushing to higher-order models, implementing 
more detailed physical equations, or using finer discretization, we suggest to start by 
basic procedures of verification (programming) and calibration & validation (model-
ling). 
Identify the bottleneck 
In case a boĴleneck seems to be reached to improve either accuracy or tractability, it is 
useful to identify what is the source of the boĴleneck. 
? Accuracy: Precision (resolution)? Exactness? About which quantity? At which 
stage? 
? Tractability: CPU-time? Memory? Storage? 
? Both: is the methodology and techniques used adequate? (Notably the iterative 
methods used to improve accuracy or tractability.) 
When a boĴleneck is identified: 
1) Is the corresponding threshold unnecessarily constraining? 
? Relax threshold until sufficiency. 
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Otherwise: 
2) Are aims still reachable with simplifications of the problem statement?  
Is it still relevant and topical?  
? Simplify the statement of the problem ; reduce the scope of the study. 
Otherwise: 
3) Are beĴer methods available? 
? Implement and try them. 
Otherwise: 
4) Potential for fundamental research. 
? Risk of dead-end, depending on the deadline to keep the subject topical. 
5.2 Sensitivity analysis: an example 
Figure 5.2 gives an overview of the computing procedure. The CFD model was built 
with ANSYS FLUENT. The geometry and the mesh were built with GAMBIT. We use 
MATLAB to manage the sensitivity analysis: the case of reference, previously set up 
manually on FLUENT, is modified as necessary to launch every new simulation. The 
results saved after the simulations in FLUENT are then read back with MATLAB, post-
treated, and finally saved in a database. 
5.2.1 Operating conditions for all cases 
Table 5.1 summarizes the operating conditions considered. Atmospheric pressure 
(?????) is set in fluid domains. The fuel entering the anode channel is a mixture of hy-
drogen, nitrogen, and steam with a composition of respectively ????, ????, ???? in mo-
lar fraction. The oxidant entering the cathodic channel is dry air (???????, ????? ?). The 
inlet temperature is ???????  for both gaseous mixtures. A current density of ? ?
?????????? is imposed at the lower face of the MIC, whereas its upper face is imposed 
an electrical potential of zero volt. 
 





The mass flow rate of fuel at the inlet is computed using Faraday’s law and the mixing 
law, knowing the current density, the fuel utilization ? ? ???, and the composition of 
the mixture. The mass flow rate of air at the inlet is then computed knowing the air-
excess ratio, which is ? ? ?. 
?????????? ??????????????????????
?????????????????????? ? ??????? ?????
???????????????? ?? ?????? ??????
?????????????????? ?? ???? ???
????????????????? ?? ?? ??
????????????????????????
???????????????????? ??? ?????? ??
???????????????????? ??? ?????? ??
????????????????? ??? ?? ????





??????????????????????? ????????????? ???? ????? ?????? ????? ??
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5.2.2 Geometry of reference 
The geometry considered is a representative “periodic” element (figure 5.3), which is 
repeated laterally to form a complete fuel cell element. An anode, a cathode, their re-
spective channels, and metallic interconnects compose the element. Table 5.2 gives the 
dimensions of the geometry. 
 
??????????? ?????????????? ???????? ????? ????? ????????? ??????????? ???? ????? ???
??????????????????????????????? ????????????????????????????????????
 
The active zone is surrounded by inactive zones, which are sometimes necessary to get 
a stable enough CFD simulation. Moreover, it allows to compute the velocity and tem-
perature profiles at the entry of the active zone, without imposing them “arbitrarily”. 
This will be discussed later. The volume of the anode and cathode are porous bodies 
(porosity of ??? ). The volume of the metallic interconnects is solid, and channels are 
fluid bodies. All boundary conditions of the domain are walls with no-slip velocity 
conditions, except for: 
? the outlets of the channels: the pressure is imposed; 
? the inlets of the channels: the mass flow rate is imposed; 
? the sides of the section: symmetry. 
 
Symmetry as a boundary condition implies the hypothesis that the interface is adia-
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middle of an infinitely large cell and infinitely tall stack, or conditions where most of 
















5.2.3 Indicator of accuracy 
The following quantities of interest are extracted from the simulations: 
? Velocity profiles at entries (see below); 
? Along the electrodes:  
? Mole fractions of species; 
? Temperature; 
? Nernst potential. 
These quantities are taken at both the anode and anode, along two lines (four in total) 
located in suitable zones of the computational domain: 
? An horizontal line in the middle of each channel, at the entry of the active zone 
(rather than at the inlet of the computational domain); 
? A longitudinal line along the surface of each electrode (at the width’s middle). 
The values are taken at the centre of every mesh cells that these lines cross. Voltage 
values are area-weighted averaged for every mesh cells. We use equation (5.3) to com-
pute a single aggregated indicator of accuracy out of all the values. 
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5.2.4 Factors: attributes of the simulator 
The sensitivity analysis articulates on the following categories of aĴributes: 
(1) Modelling of boundary conditions; 
(2) Meshing; 
(3) Numerical methods and parameters; 
(4) Physical models; 
(5) Uncertainty about data. 
 
Table 5.7 summarizes the aĴributes that we analysed for each category of aĴribute, and 
the respective levels that were considered for each aĴribute. We give further explana-
tions below. 
1. Modelling of boundary conditions 
We should emphasize that this category of aĴributes corresponds to the way the real 
boundary conditions are modelled rather than variable values imposed as (real) boundary 
conditions. For instance, the laĴer could be diﬀerent inlet mean velocities, whereas the 
first could be diﬀerent ways or hypotheses to model the profile of the inlet velocity. 
The idea is that simplification of the geometry are often used; however they influence 
the boundary conditions; or more exactly, simplifying the geometry without adapting 
the implementation of the boundary conditions can result is significant change in the 
quantities of interest. Table 5.7 provides a summary of the cases considered, which are 
described below. 
Reference 
The geometry used is the one shown in figure 5.3, with the channel prolonged up-
stream of the active zone. We assume uniform profiles of velocity and temperature at 
the inlet, as is the case if it is connected to a plenum at inlet temperature (either with 
flow of same orientation, or with an even larger plenum allowing a homogeneous flow 
mixing/stabilization). This model has the advantage of computing the development of 
the flow hydrodynamically and thermally upstream of the active zone. However, cut-
ting this part of the geometry can help to significantly reduce the computation time. 
Conversely, taking into account a bigger part of the fluid network upstream would 
allow an even more accurate representation of the reality. 
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Variations 
Three other inlet conditions are considered: 
(1) The reference geometry, but with a fully developed velocity profile at the inlet. 
(2) A geometry without inactive zone upstream and a uniform velocity profile. 
(3) A geometry without inactive zone, but with a fully developed velocity profile 
at the inlet (which in that case, correspond to the entry of the active zone). 
The first boundary condition may be closer to reality if the plenum is not large enough 
to create uniform flow condition. Also, the flow will be thermally developed quicker. 
To spare computation time, it may be desirable to remove the part upstream of the 
active zone. Logically, we should adapt the boundary conditions, especially that of the 
velocity, which is basically what case (3) implements. We consider situation (4) as a 
further simplified test-case. 
Remark: Obviously, the best would be to solve for the whole domain upstream. 
This is not usually done due to time constraint. Now, one could wonder why 
not computing once the profiles and implement them in a reduced geometry. 
The reason is simply that this would still be an approximation as soon as pa-
rameters of the simulation are changed (e.g., flow rate, temperature, …). The 




Since the geometry is simple, we use a mapped mesh to achieve maximum quality. A 
grading is applied to refine the mesh in the zones where gradients of quantities are 
expected to be large and to keep a relatively low number of cells elsewhere. In partic-
ular, a grading is applied along the longitudinal axis (?), which is especially useful at 
the interface between the active zone and the zone upstream of it. The total number of 
mesh cells is around ??????? (reference). 
Variations 
We compare meshes with uniform intervals along the ?-axis and with a grading in-
stead. For each case, we consider several levels of resolution:  ? levels for the “uniform” 
mesh and ? levels for the “gradual” mesh. Table 5.7 provides detail about the levels. 
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3. Numerical methods and parameters 
Reference 
Table 5.3 summarizes all the numerical methods and parameters used for the simulator 
of reference. 
Variations 
Numerical schemes used for the pressure-velocity coupling:  
? Reference: SIMPLE (Semi-Implicit Method for Pressure-Linked Equations); 
? SIMPLEC (SIMPLE Consistent); 
? Coupled; 
? PISO (Pressure Implicit with Splitting of Operator). 
Numerical schemes used for the spatial discretization of pressure: 
? Reference: Standard; 
? PRESTO; 
? ??? order. 
Criteria on the residuals used to stop the simulations: 

















Chapter 5 — Sensitivity to simulator’s attributes 
ūůŬ 
4. Modelling of physics 
The electrochemical model is based on the FLUENT add-on for fuel cells. We use the 
SOFC model, which does not solve for the electrolyte: instead, the production and con-
sumption of species are modelled with respectively sources and sinks of the relevant 
species at the anode and at the cathode [76]. 
Reference 
Table 5.4 summarizes the parameters of the SOFC model (FLUENT add-on) used as a 
reference. Table 5.5 gives the models used to compute the properties of fluids in the 
case of reference. 
Variations 
We test various models used to calculate the properties of the gaseous mixtures: vis-
cosity, specific heat, and thermal conductivity. Several degrees of approximation are 
possible, ranging from constant values to kinetic theory. The interested reader will find 
a good description of the models in the manuals of FLUENT. We tested: 
? Constant values for all properties, taken at inlet temperature and pressure [77]; 
? Sutherland correlation for the viscosity (? coefficients); 
? Polynomial approximation for viscosity; 
? Power law for viscosity (? coefficients); 
? Kinetic theory for all properties. 
In addition, we tested the impact of disabling the energy sources in the volume and at 
the surface. 
?????????? ??????????????????????? ???????????????????????????????
??????????????????????? ?????????????????????1?? ? ??????? ?????
????????????????????????? ? ???????? ?
??????????????????????? ? ???????? ?
???????????????? ? ???????? ?
??????????????????????? ? ????????? ?
??????????????????????????????????? ? ????????? ?
                                                     
1 In ANSYS FLUENT, the values (or functions) for the tortuosity and the electrical conductivity of materials 
should also be filled in the panel of the module for SOFC modelling. These properties are reported with 
the other properties of the solid materials. 
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??????????????????????????????? ? ????? ?????














?????????????????? ??? ?????????????????????????? ??????
?????????????????????????????? ???????????????
5. Uncertainty about data 
We distinguish this category from the previous (modelling of physics). Indeed, here 
we do not consider various models, but various constant parameters. Typically, this 
rather corresponds to uncertainty about available data parameters, or about calibra-
tion. Again, we should emphasize that these are aĴributes of simulators rather than 
classic variables, because they correspond to uncertainty about data, impacting how accu-
rately reality can be represented rather than variable values used as a design purpose. Of 
course, both overlap in terms of methods and results of a sensitivity analysis; but the 
goal and conclusions are diﬀerent. For instance, various materials can be tested to as-
sess how their diﬀerent properties influence the responses; or, a computation is done 
considering a particular material, but its properties are not perfectly characterised: 
measurements uncertainty, natural or manufacturing variability or heterogeneities, 
deviation with respect to a proper calibration for use in a simulation, etc. 
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The following properties were considered uncertain for the anode, the cathode, and 
the MICs: 
? Electrical conductivity; 
? Thermal conductivity; 
? Tortuosity (except MICs, which are not porous). 
Reference 
Table 5.6 gives the values used as a reference for the properties of the solid materials. 
Variations 
For each aĴribute, ? levels are considered in addition to the reference. An uncertainty 
of ????  is considered for each, except for the tortuosity and the anodic thermal con-
ductivity, which are changed to a larger extent. Table 5.7 summarizes the variations. 
?????????? ????????????????????????????????????????????????????????????
???????????????????????? ?????????? ? ??????? ?????
???????
???????? ?????????????????????????????
???????????????????????? ??? ???????? ????? ??
????????????????????? ??? ????? ????? ??
????????? ??? ???? ??
??????????? ??? ?? ??
???????? ??? ?????? ???????
???????????????????????????? ??? ? ???? ?????????
?????????
????????????????????? ??????????
???????????????????????? ??? ???????? ????? ??
????????????????????? ??? ????? ????? ??
????????? ??? ???? ??
??????????? ??? ?? ??
???????? ??? ?????? ???????
???????????????????????????? ????? ???? ?????????
???????????????????????
??????????????????
???????????????????????? ????? ??? ????? ??
????????????????????? ????? ??? ????? ??
???????? ????? ?????? ???????
???????????????????????????? ??? ???? ???? ?????????
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????????????????????? ????????????? ??? ?? ??? ?
?????????????????????????
??????????????????? ??? ????????????? ??? ?? ??? ??
??????????????????????
??????????????? ??? ????????????? ??? ?? ??? ?
??????????????????????
????????? ????????????? ??? ???
a See text for a description of the mesh. 
b  See table 5.6 for numerical values. 
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5.3 Results 
5.3.1 Boundary conditions modelling 
Figure 5.4 shows the impact of the modelling of the boundary conditions (BCs) at the 
inlet with respect to the reference. Each of the tested BCs model leads to large global 
RMSD relative to the reference (???  to ??? ). Even when they lead to rather signifi-
cant reduction in computation time (e.g., ???? ), the corresponding sacrifice in accu-
racy ???? ) is clearly unacceptable, and certainly not worth the time spared. Here, it 
should be emphasized that which of these models of the BCs lead to responses closest 
to the real situation is unknown. Therefore, what we can deduct from these results is 
not which of these BCs models should be used, but that the responses are highly sensitive 
to the modelling of the boundary conditions. Hence, the conclusions are: 1) lots of care and 
eﬀorts should be dedicated to gather knowledge and data about BCs; and 2) simplify-
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5.3.2 Meshes 
Figure 5.5 shows the sensitivity to the mesh with respect to the “finest” mesh. The laĴer 
is refined twice with respect to the mesh used as a reference in the study of all other 
categories of aĴributes. Figure 5.6 includes data labels and illustrates the evolution of 
the responses for the meshes with uniform intervals, ordered from the coarsest to most 






As could be expected, the global RMSD relative to the finest mesh increases as the res-
olution of the mesh decreases. The diﬀerence is rather significant for the coarsest mesh: 
ca. ?? . However, it is ?? times less computer intensive with respect to the finest mesh 
with gradients. Conversely, the smallest RMSD is ????  for the mesh of reference, i.e. 
with gradient but twice coarser than the finest. The simulation is solved in less than a 
quarter of the time. Interestingly, the finest of the uniform meshes needs more than ? 
times longer to be solved (so, ?? ? the reference), whereas still displaying a RMSD of 
???? . This makes clear that the meshes with gradients oﬀer a much beĴer “eﬃciency”: 
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It is important to realise that the computation time and the accuracy do not scale line-
arly with the resolution of the mesh. The time to solution increases slightly faster than 
the number of mesh-cells, whereas the accuracy first increases faster than the number of 
mesh-cells, but then slower, reaching a plateau asymptotically. 
5.3.3 Numerical methods and parameters 
Figure 5.7 shows the eﬀect of the numerical methods and parameters with respect to 
the reference case. The global RMSD is smaller than ????  for each tested numerical 
method. Meanwhile, the computation time can be as much as ????  longer (residuals 
down to ????) and as much as ????  shorter (residuals down to ????). The results 
show that targeting residuals as low as ???? is useless and detrimental to tractability. 
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that in other studies, we observed imperfect convergence when the residuals of the 
energy and species equations where bigger than ????.  
Results also show that the choice of the numerical scheme to handle the pressure-ve-
locity coupling (SIMPLE, SIMPLEC, PISO, Coupled) does not influence much the accu-
racy. Of course, this is true only as long as the simulation converges, which was not 
the case with the Coupled scheme. We could probably have been able to reach conver-
gence by tuning its numerical parameters. However, in our experience, the Coupled 
scheme is neither the most adequate nor robust enough to handle such multi-physics 
problems (involving energy and chemistry equations). It is sensitive to small changes 
in the definition of the problem, so that its numerical parameters must often be ad-





For the spatial discretization of pressure, PRESTO is in principle advised for flows in 
porous domains [78]. However, in this case, investing more time (???  for PRESTO, 
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Remark: Despite the negligibly low global RMSDs on the responses observed here, 
these results should not lead to underestimate the importance of using ap-
propriate numerical methods. The numerical schemes available in FLUENT 
are usually well-behaved and relatively robust, but this is neither true of any 
numerical implementation, nor in any situation. Only tests and experience 
will tell whether or not a numerical scheme leads to an accurate enough so-
lution for a given problem.  
5.3.4 Physical models 
Figure 5.8 shows the influence of the physical models with respect to the reference case. 
The global RMSD is smaller than ????  for each case except when the energy sources 
are disabled in the volume (??? ?, and at the surface (?? ). Conversely, the time dif-
ference is always bigger than ?? . According to these results, the most eﬃcient mod-
elling for viscosity seems to be Sutherland’s correlation (with two coeﬃcients), which 
allows to reduce the computation time by almost ???  with respect to the correlation 
with three coeﬃcients, while conceding only ????  on the responses. Using constant 
specific heats and constant thermal conductivities for the fluids does not lead to a sig-
nificant diﬀerence in the responses. It should be highlighted, though, that these prop-
erties were evaluated at the operating temperature. Depending on the scenario, the 
validity of this simplification may not hold (e.g., larger temperature diﬀerence in the 
domain). The time spared with constant specific heats is small (??? ); keeping a pol-
ynomial model is therefore preferable (at least for peace of mind). More time is spared 
with constant thermal conductivities (???  ), so that such a simplification may be 
worth. 
Impact of viscosity on the evaluation of hydraulic resistances 
Conclusions from the previous analysis about models used for the viscosity may be 
misleading. Indeed, the model used to compute the viscosity of each particular gas, and 
thereby the viscosity of the mixture, has liĴle impact on the final responses. However, 
the viscosity of the mixture may vary on a bigger range depending on the (local) com-
position of the mixture. For this model of a single channel, composition of the mixture 
mostly changes in the direction of the flow, so that, on average, the eﬀect of viscosity 
is small. However, in a complete cell element, with several channels (or paths), the 
average composition of the mixture along each channel may vary with respect to the 
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others, i.e., a variation transversal to the flow direction. In that case, the hydraulic re-
sistance of the flow changes correspondingly; so it may lead to less uniform flow dis-
tribution. 
We therefore conducted a sensitivity analysis with (constant) mixture viscosities at the 
extreme of the possible interval (according to the composition of the mixture). The 
maximum possible change of the mixture’s viscosity is ca. ??? . As expected, the eﬀect 
on the hydraulic resistance is significant and of the same order of magnitude because 
of the linear relationship between the pressure drop and the viscosity for laminar 
flows. However, the eﬀect on the global diﬀerence is even a bit more significant, with 





5.3.5 Uncertainty about data 
Figure 5.9 shows the eﬀect of the uncertainty on solid material properties with respect 
to the reference case. The factors were varied by minimum ????  around the value of 
reference. The resulting variations of the responses are virtually identical in every di-
rection. So, we do not display them individually, except for the MIC electrical conduc-
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The responses are relatively insensitive to the variations of all the tested factors, with 
a maximum of ??  global RSMD for a minimum of ???  variation. The results are par-
ticularly insensitive to the thermal conductivities, especially that of the anode (which 
was varied by ????? , ???? ). It should be reminded here that similar conclusions 
were drawn about the thermal conductivities of the fluids. The time diﬀerence is small, 
which is logical, since changing the value of constants should not have a minimal im-
pact on the computation time (as long as the values are in a range where no consider-
able change occurs in the physics). The measured diﬀerence, less than ? seconds, is 
most probably noise due to uncontrolled external factors (e.g., computer processes in 
the background, watch/human precision). It actually informs us about the margin of error 
on the computation times measured. Ideally, the simulations should be re-run several 
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5.4 Conclusions to the chapter 
Among the five categories of aĴributes that we analysed, the uncertainty about data 
show overall the least amount impact on accuracy and tractability. The numerical 
methods did not display a strong eﬀect on the accuracy, but the tractability is aﬀected, 
making such aĴributes good candidates to choose adequately for geĴing a more eﬃ-
cient simulator. The meshing usually impacts tractability even more, but their eﬀect on 
accuracy is also a bit stronger. A compromise need to be done. Nevertheless, it was 
shown that well-designed meshes can be much more “eﬃcient” than more basic ones. 
The influence of physical models ranges from negligible (e.g., model of fluid proper-
ties)) to significant (sources of energy from reactions). The computation time was only 
slightly aﬀected in comparison. Finally, it was shown that the modelling choice of the 
boundary conditions have a significant impact on accuracy, and sometimes also on 
computation time. It is interesting to note that none of the aĴributes analysed in our 
study had an eﬀect at the same time strong on accuracy and negligible on tractability. 
 

  – ūŰů – 
“Statistics are like bikinis. What they reveal is 
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Sensitivity to decision variables 
This chapter presents the application of design and analysis of computer ex-
periments (DACE) to our problem. We used DACE to carry out a sensitivity analysis 
with a rigorous mathematical approach. Additionally, the purpose was to evaluate the 
accuracy of the approximate models that can be generated with DACE, and if appro-
priate, to eventually build and use one such model for the subsequent uncertainty 
quantifications and optimizations under uncertainty. 
This chapter is largely based on our publication Design and analysis of a computer exper-
iment of the anode-gas-flow distribution in fuel cells [79]. 
6.1 Summary 
A homogeneous flow distribution into the bipolar plates of fuel cells is known to be 
important for their proper operation. This study investigates techniques for the design 
and analysis of computer experiments (DACE) to carry out a sensitivity analysis and 
generate a meta-model, while optimizing the number of runs needed. Various design 
variables and operating conditions are considered as factors; namely: (1) topology of 
manifolds, (2) height of channels, (3) width of manifolds, (4) mole fraction of hydro-
gen, and (5) electrical current density. A fractional factorial design and a central com-
posite design are chosen in the frame of this study. The responses of interest for which 
the eﬀect of the factors and their interactions is quantified are (a) flow uniformity and 
(b) pressure drop. Among the selected factors, the width of the manifolds displays the 
most significant eﬀect on the flow uniformity. 








This study will investigate the flow distribution and the pressure drop into the bipolar 
plate at the anodic side of an SOFC. 
A computer experiment is a number of runs of the code (simulation) with diﬀerent 
input. Computer experiments are deterministic unless wished stochastic, so that iden-
tical outputs can be expected when the code is run with identical inputs. The absence 
of random error is an important diﬀerence between computer experiments and physi-
cal experiments [80]. DACE techniques are useful to rationally select the input varia-
bles needed for a systematic study of the responses and to minimize the number of 
simulations. Another goal of DACE is to build an approximate model, often called sur-
rogate model — much simpler and quicker to evaluate than a more exhaustive one, 
whereas still able to capture the phenomena of interest. 
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6.3 Problem definition 
6.3.1 Computer model 
The study focuses on the flow distribution into the bipolar plate at the anodic side of 
an SOFC fuelled with a mixture of hydrogen, nitrogen, and a constant ??  mole frac-
tion of water vapour. The flow distribution of fuel mixture into the fuel cell is com-
puted using CFD simulations, carried out with ANSYS FLUENT v14.5.0. 
Steady-state and laminar conditions (?? ? ???) are assumed for the 3D flow model 
used. To simplify this analysis, the model does not include source terms for species. 
Indeed, at the anode of SOFCs fuelled with hydrogen, the volumetric flow rate is con-
stant and the maximum possible change of the mixture’s viscosity is ca. ??? . Species 
transport and energy equations are however activated, to ease the estimation of the 
fuel-mixture properties. The specific models used to compute these properties are re-
ported in table 6.7, p. 185. It should be noted that in the frame of our study, only den-
sity and viscosity are relevant. 
The mass flow rate ??  of fuel at the inlet is computed according to gas mixing and Far-
aday’s laws combined in equation (6.1), considering the rate of fuel that would be nec-
essary to provide the specified faradaic current density ?????(i.e., the fuel power that is 







where ?? is the area of the active zone, ? the number of electrons exchanged, 
? the Faraday’s constant, ?? the molar mass of species ?, and ?? its mole fraction. 
The geometry considered and the corresponding computational domain are shown in 
figure 6.2. The ?? fluidic volume is meshed such as to ensure enough resolution eve-
rywhere, while using bi-directional growth ratio to keep a low number of mesh cells 
(ca. ???????). 
The boundary conditions are as follows: the pressure at the outlet is set with a gauge-
pressure relative to atmosphere of ????; the mass flow rate is set at the inlet according 
to equation (6.1); inlet and backflow temperature is set at ???? ; walls are assumed 
adiabatic and a no-slip velocity condition is imposed on them. 
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????????????????????
 
Numerical solver settings 
Since the gas-mixture can be assumed incompressible1, the pressure-based solver is 
used to solve the subset of the Navier-Stokes equations, using double precision. The 
Semi-Implicit Method for Pressure-Linked Equations (SIMPLE) is used as the pressure-
velocity coupling. The chosen discretization scheme is second order upwind for mo-
mentum, species, and energy, whereas pressure uses a second order scheme. Relaxa-
tion factors and linear solver seĴings (multi-grid) were left at their default values. The 
simulations were run for ?? iterations, which was enough to achieve excellent conver-
gence: all residuals ? ????, conservation of mass, convergence of the responses of in-
terest. This is in part due to the high quality of the mesh. 
                                                     
1 Explanations about situation where a fluid behaves as if it were incompressible are given in the section 
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6.3.2 Factors, respective levels, and responses 
A total of five factors were considered, with two levels for each. Three factors relate to 
the design (geometry): topology and width of the manifolds, and height of the chan-
nels. Two factors relate to operating conditions: electrical current density (aﬀecting di-
rectly flow rate) and mole fraction of hydrogen (aﬀecting directly fuel-mixture prop-
erties and flow rate). All factors are continuous variables except for the topology. Two 
responses are considered: flow uniformity and global pressure drop. Table 6.1 summa-
rizes the chosen factors and their respective levels. 
?????????? ???????????????????????????????????????????
???????? ??????????? ???????????????? ?????
??? ???????????? ?????????????? ????????????? ???????? ?????????????? ?????????
??? ???????????????????????? ???? ?? ???? ??
??? ????????? ?????????????? ??? ?? ??? ??
??? ????????????????? ??????? ??? ? ??? ?
??? ?????????????????????????????? ?????????? ??????????
 
6.4 Design and analysis of the computer experiment 
6.4.1 First-order model with interactions 
Fractional factorial design (FFD) 
A fractional factorial design allows building statistical models with a smaller number 
of runs than a full factorial design.  
A “two levels per five factors” experiment is studied in a ????? design that corresponds 
to a half fraction of the full ?? design. Such a design is built by writing down all possi-
ble ?? level? combinations for the four factors ??, ??, ??, ??, and then seĴing the level 
of the fifth factor as the product of the first four, so that levels of ?? ? ???????????. As 
a consequence, the main eﬀect ?? is aliased with the fourth order interaction ?????. This 
means that for this fractional factorial design we can estimate all main eﬀects and all 
                                                     
2 The number of level is ?? because one factor is discrete. 
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interactions of two factors independently assuming that higher order interactions are 
negligible. 
The general equation for a first-order model with interaction is: 









where ? is the set of the responses from the computer experiments, ?? is the 
coeﬃcient (called eﬀect) associated to the factor ??, and ? the residue. 
Evaluation of the model matrix 
The covariance- or dispersion-matrix, ???? ???, contains the variances of the variables 
along the main diagonal and the covariance between each pair of variables in the other 
matrix positions. This matrix represents the transfer of variance between the factors 
and the eﬀects [81]. Due to the orthogonality of the fractional factorial design, the dis-
persion matrix does not contain covariance terms. Moreover, the variance that is trans-
ferred from the factors to their respective eﬀect only depends on the numbers ? of 
runs. The dispersion-matrix can hence be wriĴen as: 
 ???? ?
?? ? ?????? ??????
In this case, ?? runs are computed and the variance for all the diagonal elements is 
equal to ???? . In classical experiments, the dispersion should be kept as small as pos-
sible to avoid amplifying the variance from the factors to the eﬀects. The laĴer is less 
important while using deterministic numerical models since by definition no noise (er-
ror) is injected through the input factors. Multicollinearity is also not an issue for these 
designs. The variance inflation factors (VIFs) predict the quality of the estimation of 
eﬀects ?? and correspond to the diagonal terms of the inverse of the correlation matrix. 






The lowest and best value that VIFs can take is ?. A common rule of thumb asserts that 
multicollinearity is an issue — and a diﬀerent design should be considered — if 
??????? ? ??. In the present case, all VIFs are equal to ?. 
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Due to the orthogonal property of the dispersion matrix, the coeﬃcients of the model 





6.4.2 Second-order model 
Central composite design 
A central composite design (CCD) is used to study the quadratic eﬀects of factors. Cen-
tral points and “star points” are added to estimate the curvature. The model matrix of 
the CCD is built by combining a classical FFD matrix with the aforementioned addi-
tional points. Figure 6.3 illustrates the graphical domain for a general ?? (full) factorial 




Discrete factors aﬀect the construction of a CCD model matrix. Figure 6.4 illustrates 
this with a design composed of one discrete and one continuous factor. As shown, a 
single common central point cannot be defined for the two factors because the discrete 
factor admits two levels only (no central point along its axis). For this reason, two cen-
tral points are necessary — one for each level of the discrete factor — and four “star 
points” aligned as shown rather than forming a cross (star). 
In this study, the design consists of the ????? fractional factorial points, two central 
points due to the presence of one discrete factor with two levels, and eight star points 
for each level of the discrete factor (summing to ?? runs). These star points are aligned 
with each factor’s axis on a circle with origin at the central points and a radius equal to 
????? [for optimality reason, see 80].  
 





The CCD allowed the estimation of quadratic terms in addition to the linear terms and 
interactions of two factors. The coeﬃcients for the quadratic model can be computed 
from a least-square fit: 
 ???? ? ???? ???????? ??????
The quadratic model with interactions of two factors is given by: 












Quadratic terms for discrete factors cannot be represented. 
Evaluation of the model matrix 
The model matrix for CCD is no more orthogonal. Diagonal terms of the dispersion 
matrix range from ??  to ??? . The correlation matrix highlights the influence among 
the variables. In particular, the second-order model aﬀects the constant ?? and all sec-
ond-order coeﬃcients are correlated. The VIFs are reported in table 6.2. 
?????????? ????????????????????????????????????????????????????????
??? ??? ??? ??? ??? ??? ???? ???? ???? ????
????? ????? ????? ????? ????? ????? ????? ????? ????? ?????
???? ???? ???? ???? ???? ???? ???? ???? ???? ????
????? ????? ????? ????? ????? ????? ????? ????? ????? ?????
 
Since the VIF of ?? is almost ?? and those of the second-order terms equal ????, the 
accuracy of the model is not independent on the experimental errors.  
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6.5 Results and discussion 
6.5.1 Pressure drop 
The first response analysed is the pressure drop. According to the laws of fluid me-
chanics, the relationship between the pressure drop and the hydraulic diameter is 
highly nonlinear. Hence, we expect that at least a second-order model is required. 
Linear model with interactions 
The coeﬃcients of the first-order model, given in equation (6.2), can be computed using 
the fractional factorial design. The relative eﬀects, which give an idea about the influ-
ences of the factors on the response, are computed by dividing the eﬀects by the con-





Figure 6.5 shows that the coeﬃcients ??, ??, ??, ???, and ??? have a large influence on 
the response. This means that the pressure drop response is mainly dependent on the 
height of the channel ?? (aﬀecting the hydraulic diameter), on the mole fraction of hy-
drogen ?? , and on the current density ?? as well as on their interactions ????? and 
?????. 
An analysis of variance (ANOVA) is done to evaluate more accurately the significance 
of eﬀects. It informs about the degree of variability within a regression model and is 
the basis for testing statistical significance [81]. 
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Table 6.3 contains the sum of squares (??) of each factor, its number of degrees of free-
dom3 (???, the mean of the sum of squares (???) standardized with respect to ??, the 
Fisher index (?) of the ??? of the coeﬃcient with respect to the ??? of the residual, 
and the probability (?) that this ratio and the random variables have the same origin 
and hence are due to noise. To be able to carry out the ANOVA, it is necessary to have 
at least one degree of freedom for the residue. In this case, it was necessary to discard 
one of the smallest relative eﬀects ????? in figure 6.5. 
Table 6.3 shows that the ??? of large relative eﬀects is significantly greater than the 
??? of the residual errors, as expected. Considering a threshold of ?? , the statistically 
significant eﬀects are the ones already highlighted by the histogram of relative eﬀects. 
Conversely, the other eﬀects have a higher probability ? to originate from random 
processes.  
However, although the conducted computer experiments certainly do not represent 
reality with the utmost accuracy, they have the advantage of being marginally aﬀected 
by random processes, since the sources of noise are minor (convergence was achieved 
with at least ???? for all residuals and the mesh was checked for high quality and ho-
mogeneity across all design points). 
Considering only the significant coeﬃcients highlighted in green in table 6.3, the 
model is then given by: 
 ??????? ? ?? ? ????? ? ????? ? ????? ? ????????? ? ?????????? ??????
Results from the simulation are compared with those obtained from the model in fig-
ure 6.6. The model reproduces the results in a clear way only for cases with a big pres-
sure drop. As expected, the first-order model is unable to predict a response that is 







                                                     
3 The number of degrees of freedom equals the number of levels minus one. 
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Quadratic model with interactions 
As described previously, the eﬀect of the factors on the response can be evaluated with 







?????? ???????????? ???????? ??? ???? ?????????? ???????? ??? ?? ???? ????????
???????????????????????? ????????????????????????????????????? ?????????
???? ???? ??????? ???? ??????? ???? ??? ???????? ??????????? ??????????????
??????????????????????????????????????????????????????????????????
table 6.4 that the eﬀects which have near-zero probability ? to arise from noise are the 
same as highlighted by the histogram of relative eﬀects. Nevertheless, some other fac-
tors with a probability less than ??  are likely significant, too (in orange). 
???????????????????????????????????????????????????????????
table 6.4, the model becomes:  
 
??????? ? ?? ? ????? ? ????? ? ????? ? ????????? ? ?????????
? ????????
??????
Figure 6.8 shows that the quadratic model seems to follow the trend of the simulated 
responses beĴer than the linear model. Nevertheless, a quadratic model is clearly still 
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unable to predict accurately the pressure drop. Further analysis could be done consid-
ering a fourth-order polynomial model or a more sophisticated model. Among other 
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???? ???????? ?? ???????? ???????? ???? ?
???? ???????? ?? ???????? ???????? ???????
???? ???????? ?? ???????? ???????? ???????
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???? ???????? ?? ???????? ???????? ???? ?
???? ???????? ?? ???????? ???????? ???? ?
???? ???????? ?? ???????? ???????? ???? ?
???????? ???????? ??? ???????? ? ?
?????? ???????? ??? ? ? ?
 
6.5.2 Uniformity of flow distribution 
The indicator of flow uniformity that we use is ?, defined in equation (3.3).  
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The aforementioned fractional factorial design is used to identify the main eﬀects in a 
linear model with interactions. Then, the central composite design is considered to as-





Linear model with interactions 
The relative eﬀects are displayed in figure 6.9. Clearly, an increase of the manifolds’ 
width ?? has a major positive impact on the flow uniformity. The same can be said for 
the channels’ height, although in a lesser extent (??  instead of ???? ). The interaction 
of both of these factors, ???, is the next main eﬀect. These results correspond overall 
with expectations, except for the topology of the manifolds’ design ??. It is known to 
usually influence the flow distribution. The fact that it does not predominate here 
might be explainable considering that the two topologies analysed have a similar ca-
pacity regarding the flow distribution. Besides, interestingly, the relative eﬀects are 
particularly low with a maximum at around ?? , suggesting that other eﬀects (or fac-
tors) not included in the model are significant. Further findings are presented in the 
section Quadratic model with interactions, p. 182. 
An analysis of variance is computed for the factors and displayed in table 6.5. Here 
again, it was necessary to discard one of the smallest relative eﬀects (???) to be able to 
perform the ANOVA. The probability ? that the kept eﬀects are actually random is 
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close to zero. A linear model with interactions is therefore generated according to these 
outcomes and is given by: 
 ???? ? ?? ? ????? ? ????? ? ?????????? ???????





??????? ??? ??? ???? ?? ??
??? ???????? ?? ???????? ???????? ???????
??? ???????? ?? ???????? ???????? ???? ?
??? ???????? ?? ???????? ???????? ???? ?
??? ???????? ?? ???????? ???????? ???? ?
??? ???????? ?? ???????? ???????? ????? ?
??? ???????? ?? ???????? ????? ????? ?
???? ???????? ?? ???????? ????? ????? ?
???? ???????? ?? ???????? ???????? ???? ?
???? ???????? ?? ???????? ?????? ???? ?
???? ???????? ?? ???????? ????? ????? ?
???? ???????? ?? ???????? ???????? ???? ?
???? ???????? ?? ???????? ????? ????? ?
???? ???????? ?? ???????? ?????? ????? ?
???? ???????? ?? ???????? ????? ????? ?
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???? ???????? ?? ???????? ????? ????? ?
???????? ???????? ?? ???????? ? ?
?????? ???????? ??? ? ? ?
 
 
???????????? ??????????? ????  ????? ???? ?? ???????? ???? ????? ???? ??????? ?????? ?????
??????????????
 
Quadratic model with interactions 
The relative eﬀects for the quadratic model are displayed in figure 6.11. As can be seen, 
much more eﬀects seem to be significant. The manifolds’ width ?? and the channels’ 
height ?? still show the most prominent linear eﬀects. However, in this case, the topol-
ogy of the manifolds ?? seems to have some impact. Besides, while the eﬀect of inter-
action ??? stays constant at ?????? , the impact of ??? now is even larger than ??. All 
second-order eﬀects show relatively large values, with ??? being by far the most prom-
inent. 
It is critical to note here that this change in the outcome regarding the main eﬀects is 
due to the fact that more data were collected to assess curvature: additional central and 
“star” points. 
The analysis of variance performed for this model is displayed in table 6.6. Since the 
dispersion matrix is not perfectly orthogonal, a corrected sum of squares (???) is com-
puted. The ? values are now considerably larger than with the FFD.  
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A quadratic model with interactions is generated with the most significant eﬀects high-
lighted in table 6.6 and is given by: 
 
???? ? ?? ? ????? ? ????? ? ????? ? ?????????? ? ????????? ? ???????
? ??????? ? ??????? ? ????????
???????
Figure 6.12 shows that confronted with the additional data points, even the quadratic 
model is unable to predict accurately the flow uniformity index ?. Furthermore, it also 
shows that it would not have been wise to discard some of the eﬀects at the “linear” 
stage, since they were shown to have significant impact when more data is available. 
The model could be further refined by collecting more data and searching for signifi-
cant factors which are apparently lacking for a beĴer prediction of the flow uniformity. 
 
???????????? ?????????????? ???? ????????????????? ????? ???? ?? ???????? ???? ????? ????
???????????????????????????????????
 
6.6 Conclusions to the chapter 
The design of experiments methodology is used to design the computer experiment 
procedure to analyse the eﬀects of five factors on two responses. Specifically, the eﬀects 
of i) the topology of the manifolds, ii) the height of the channel, iii) the width of the 
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manifolds, iv) the mole fraction of hydrogen, v) and the current density are investi-
gated with respect to a) the flow uniformity and b) the pressure drop in the bipolar 
plate at anode.  
By applying diﬀerent techniques such as the relative eﬀect histogram, the half-normal 
plot and the ANOVA method, it was possible to select, among the analysed eﬀects, the 
most significant ones for the response considered. 
The linear model with interactions was able to predict perfectly the uniformity re-
sponse by considering as main coeﬃcients the ones related to the channels’ height, the 
manifolds’ width, and their interactions. By fiĴing the same response with a second-
order model, the linear coeﬃcient related to the channel’s height ?? seems to have 
more probability to be a random coeﬃcient compared to its respective second-order 
coeﬃcient ???. The manifold width is still an important factor to describe the flow uni-
formity, since the coeﬃcients related to this factor are present as linear and quadratic 
terms. 
The results on the pressure drop response show that the highly nonlinear physics be-
hind this response do not allow predicting its behaviour with a quadratic polynomial 
model, although the second-order model gives a beĴer representation of the response 
with respect to a linear model with interactions. In both cases, the main factor is the 
channels’ height, which aﬀects the hydraulic diameter.  
It should be highlighted that even if sometimes the model allows perfectly matching 
the response, it does not mean that the model fits the purpose of predicting the corre-
sponding response accurately in the “actual” computational domain, in terms of both 
interval and factors considered. 
?????????? ????????????????????????????????
????????????? ??????
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“The purpose of computing is insight, not numbers.” 
Richard W. Hamming 
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Characterization of the uncertainties 
To characterize the statistical distribution of the dimensions of the channels 
in a real case, measurements were taken on a stack from SOLIDpower S.p.a after oper-
ation. This stack supplied a nominal electrical power of ????. Other data are non-di-
mensionalised to not disclose proprietary information from our partner. The proce-
dure is described in the next sections. 
7.1 Preparation 
The main sample was prepared by Yannik AntoneĴi at HTceramix (SOLIDpower). The 
stack cannot be dismantled without severely damaging the components whose obser-
vation is of interest. Besides, viewing a cross-section is more informative; so it was de-
cided to cut through the stack.  
The stack was first filled with epoxy resin (SpeciFix-20 from Struers). It was left aside 
until complete cool down of the resin (solidification). To get slices, the stack was then 
sawn with a band-saw (Optimum OptiS275G, with a Rotgen saw-blade from Otelo). 
The slices were cut along a plane as perpendicular as possible to the channels (i.e., 
???). Note that the resulting slice (sample) covers the whole height and width of the 
stack. The slice was then sanded and progressively polished on both sides with a pol-
ishing machine (Le Cube from Presi, with reflex NAC type S abrasive papers1). This 
was a time-consuming process (more than a week), due to the rough surface-finish 
after sawing and due to the large size of the sample (ca. ???????). 
It was decided against cuĴing it into smaller samples, to preserve the possibility to 
measure all the channels of a given stack. Otherwise, less measurements of the chan-
nels would be available for the stack and it would have been much more diﬃcult to 
                                                     
1 With grains’ sizes P80, P180, P240, P320, P400, P600, P800, P1000, and P1200, in that order. 
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extract valuable information regarding the potential eﬀect of the spatial position (in 
both principal directions of the plane), and of the interaction between channels. How-
ever, it would probably be useful, though time-consuming, to also take measurements 
on smaller, beĴer prepared samples, to have a set of more accurate measurements to 
compare with the others. This way, we could check whether the accuracy is suﬃcient 
and hence get more confident with the results. 
Some bubbles can be seen in the resin, although care was taken to avoid their formation 
(see figure 7.1). These bubbles are mostly problematic for the cuĴing and polishing. 
Indeed, by weakening the structure, material at the edge tends to be “torn”. 
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Possible improvements 
? Use a diamond-saw. Such a saw (Discotom-100 from Struers) was bought by 
HTceramix. Unfortunately, it has a misalignment problem, which could not be 
fixed in time. 
? As written above, also cut smaller samples out of a stack, to get more accurate 
information, despite less exhaustive / usable. 
? Use a fully automated polishing machine. 
? Try other cutting and/or finishing techniques (water jets?) 
7.2 Measurements 
We took measurements with a Nikon measuring microscope MM-400/S, coupled to the 
software M3 Metrology Readout v1.50.07 from Ryf AG. 
For each channel, the coordinate of the centre, the average length, and the average 
width were recorded. This was achieved by placing points on the perimeter of the 
channel, from which a rectangle is interpolated by the aforementioned software. A to-
tal of ?? points per channel were placed: ? point at each corner and ? additional inter-
mediate points on each edge. 
7.2.1 Sources of errors 
In summary, the sources of errors are: 
? Precision of the measuring chain 
? User error: visual and personal assessment (random or systematic) 
? Contamination left by preparation (abrasion, non-planarity) 
? Post-treatment approximations (mostly rotation) 
? Statistical approximation; finite number of samples 
 
The maximum precision of the measuring chain (measuring table, microscope, and 
software) is ????. However, we estimated that the random error when visually placing 
a point is closer to ???? or even ?????. This is due from one part to the fact that the 
contours of the channels, even when regular in shape, are often not razor-sharp; a zone 
of “blur” around the features is present even when focus is well adjusted. Another part 
was a constraint of time to collect the data. 
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Remark: The software oﬀers possibilities to automate or semi-automate the selec-
tion of points. They were tried. They clearly did not provide accurate enough 
results with respect to manual selection; certainly primarily because the 
shape, contrast, and maybe colour, were not regular enough. 
In addition to the aforementioned visual error, the data is “contaminated” by the cut-
ting and polishing procedure. The shape of the channels were often clearly impacted. 
In the best case, no trace of “contamination” could be identified visually. But it was 
sometimes even impossible to place a point without “guessing”, judging by where it 
should be. To track how much eﬀect this contamination has on the measurements, a 
qualitative rating was wriĴen down for each channel, counting how many edges were 
significantly aﬀected (? to ?). 
Despite the care taken to align the elements with the axis of the measuring table, a 
slight rotation was noticeable during post-processing. It was decided to take the aver-
age of the span-wise (?) positions as a reference to be aligned with the vertical axis (?). 
The necessary rotation was computed and applied to the data. 
Knowing the travel per revolution of the focus knob, the planarity of the sample's sur-
face was evaluated by adjusting the focus on ? points, each time on the interconnects 
(steel). Figure 7.2 shows the tendency. Basically, the plane is slightly inclined around 
an axis going in diagonal from top left to boĴom right. The maximum diﬀerence of 
height (along ?) is ????? ?, giving a tilt-angle of ca. ?????. 
This top surface is not necessarily perpendicular to the average axis of the channels. 
So, these measurements are only indicative of the planarity of this surface with respect 
to the surface on the other side of the sample, which was also cut through and polished. 
Statistical approximation due to the finite number of samples 
For a bilateral confidence interval, the margin of error ? around the mean ? is given 
by: 
 
? ? ??? ? ????? ???? ??????
with ? the minimum number of samples, ? the parameter (t-Student) corre-
sponding to the reduced centred normal law, and ? a first estimation of the standard 
deviation. The interval of confidence is ?? ? ??? ? ? ??. The corresponding level of con-
fidence is ? ? ? ? ?.  
In total, ??? channels were measured; this is the number of samples. Hence, we can 
calculate the theoretical margin of error corresponding to a chosen level of confidence. 




???????????? ??? ????? ????? ??????????????? ? ???????? ??????????? ??? ????
???????????????????????????
 
The following example is for the mean. The number of samples is ? ? ???. Choosing 
a level of confidence of ???  (for instance): ? ? ? ? ???? ? ????. Hence, according to 
the table of t-Student (reduced centred normal law) for ?? ? ???? , the parameter 
?? ? ?????? Using a first estimation of the standard deviation (e.g., ? ? ?????), the mar-
gin of error ? is hence ? ? ? ??? ? ??????? (it would be ? ??????? for ???  level of con-
fidence). 
Let's assume that the estimator for the mean is ? ? ??????. Then, the probability that 
the interval of confidence ?? ? ??? ? ?? ? ????? ???????? contains the true mean is 
around ??? , when the standard deviation is ? ? ????? and the number of samples is 
? ? ???. Note that the error margin ? is around ?? times smaller than the standard 
deviation ? in this case (????  of the mean rather than ?? ). Also, to reduce again this 
margin of error by a factor ?? , then ??? times more samples would be necessary 
(ca. ?????? samples). Around ? ? ? samples are necessary (at ????) to get ? ? ?. 
Remark: The previous calculation is correct when all samples are used to compute the 
mean. If instead a plot is made to display the mean for each cell element, then only 
?? samples (channels) are used to compute each of these mean, so that the result is 
diﬀerent. 
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Conversely, using equation (7.2) serves to estimate the minimum number of samples 
necessary to achieve a desired confidence interval (error margin) at a chosen level of 
confidence. A first estimation of the standard deviation is used. The estimation is then 
adjusted and if necessary, more samples are taken. 





The confidence interval for a sampled standard deviation, with a level of confidence of 






7.2.2 Imputation of the data 
Due to the “contamination” of the results discussed before, it was decided to censure 
the most probably wrong data. For this, we decided to use imputation rather than trim-
ming of the data. The imputation is based on the ??? and ???? percentiles. Note that 
among the possibilities, replacing incorrect measurements by the sample average 
would have been a bad idea. 
Since a lot of data are available, these points could also have been eliminated. On the 
other side, given the number of samples, geĴing more extreme values than these per-
centiles is reasonably probable. These values were nonetheless chosen, since it was ob-
served during the measurements that the risk of inconsistencies is high. ?? measured 
values were imputed on ? and ?, which out of ? ? ??? samples, correspond to ??  of 
the data. The eﬀect of the imputation is negligible on the mean (? ????? ). The eﬀect 
is stronger on the standard deviations, since the data is “compacted”: ???? is reduced 
by ???  and ???? by ?? . 
Also, without imputation, the kurtosis for ? and ? are respectively ??? and ???, which 
is much bigger than the kurtosis of a normal distribution (i.e., ?). After imputation, the 
kurtosis is closer to that of a normal distribution with ??? and ??? respectively2. 
                                                     
2 This was however not the goal of the imputation. 









with ?? a measured length and ?? the nominal (design) value of the length 
of the channels. 
A rotation is calculated and applied to the data, to correct for a global misalignment of 
the sample when taking measurements.  
Apart from the raw data ??? ?? ?? ??, the main quantities of interest for the channels are 
their area ? ? ??  , their perimeter ? ? ???? ? ?? , their hydraulic diameter ?? ? ????  , 





First, we present statistics based on all samples measured. Caution, after imputation at 
the ??? and ???? percentiles. 
Remark: Since the measurements are made non-dimensional with the nominal val-
ues of each characteristic length, the standard deviation is equivalent to “co-
eﬃcients of variation” but with respect to the respective nominal value in-
stead of the mean, which slightly deviates from the nominal values. 
The mean of the height is significantly smaller (????  ) than its nominal (design) 
value (corresponding to ?????). The dimensional tolerance of the manufactured parts 
cannot be the sole explanation for such a large discrepancy. The cuĴing (and polishing) 
procedure is probably part of the explanation. However, we suspect that it is not the 
only factor either, since all measurements are below the nominal value, whereas a few 
channels show no visible contamination. The mean of the length is slightly bigger 
(???? ) than its nominal value. 
                                                     
3 This expression corresponds to the simple case of laminar flow in a channel. 
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All values of kurtosis are relatively close to that of a normal distribution (i.e., ?). The 
skewness of ? and ? are negative, which means that the mass of the distribution is 
concentrated above the mean. The skewness might be an artefact due to the measuring 
procedure. 
Note that even the maximum measured value of the height, ?????, is still smaller than 
the nominal value by ???? . In table 7.2, ??????? ? ?????? ? ?????? indicates the maxi-
mum diﬀerence of the quantity in brackets. It always equates about ????????. 
It is also interesting that the geometric component of the hydraulic resistance ??????? is 
always bigger than its nominal value. By ????  at the minimum and up to ?????  at 
the maximum. Moreover, its standard deviation is roughly equal to four times that of 
the height and the length (average of both). This is consistent with the theory, taking 
the derivative of the expression of ??????? for a small variation. 
?????????? ???????????????????????????????????????????????????? ??????????????????????
? ??????? ??????? ????????? ???????
?? ?????? ?????? ?????? ??????
?? ?????? ?????? ?????? ??????
???????? ?????? ?????? ?????? ??????
 
2. Variations along ? (channels) and ? (elements) 
Statistics are ploĴed for the height and length of the channels, respectively their mean 
along ?  (figure 7.3) and along ?  (figure 7.4) and their standard deviation along ? 
(figure 7.5) and along ? (figure 7.6). 
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The variations along ? for both the height and width of the channels display no partic-
ular tendency apart from an apparent kind of periodicity (? channels), especially visi-
ble for the mean. This is further discussed in § 7.3.3. 
It is striking that this variation is bigger than the variation along ? (elements), despite 
our observation that measuring the channel dimensions accurately became more diﬃ-
cult when geĴing to the “top” (bigger z values). 
When looking at ???? along the elements (?), we observe that it slightly increases. We 
suspect that this is due to an evolution of personal assessment when placing the points. 
???? varies a bit more, but such a tendency is not observed towards larger or smaller 
values. 
We observe an increase of the standard deviation for both ? and ?. It was clear, while 
doing the measurements, that the top elements were much more “damaged” by the 
cuĴing/polishing procedure than the boĴom ones. In consequence, it was more diﬃ-




















3. Hydraulic resistance of the channels 
Overall, as expected from theory, the standard deviation is ca. ? times the standard 
deviation of the channels’ dimension. About the variations along ? and ?: a compound 
of the previous trends can be observed since the hydraulic resistance is based on width 
and height of the channels: we see a periodicity along ? and an increase of the standard 
deviation along ?. 
 
4. Position of the channels  
Regarding the span-wise variations (?), the elements are systematically bent “down”. 
It is related to the structure and manufacturing, including assembly (which are confi-
dential). Concerning the vertical variations (?), the elements are tilted towards one side 
and progressively towards the other side between first and last element. A bending of 
the elements is also observed.  
From the first to the last element, a deviation of ????? ? was measured on the right 
with respect to the left, which is ca. ????  of one side. The statistical data are consistent 
with this global measurement. 
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Contamination of the results by the cutting/polishing procedure 
To assess the eﬀect of cuĴing/polishing procedure on the results, we looked for a pos-
sible correlation between the quantities measured or derived from them, and the qual-
itative rating of the measurements (described in § 7.2.1). The eﬀect seems to be minor 
on the positions of the channels, which is logical. However, it is strong on the height 
and width, and on the values that depend on them (area, hydraulic diameter …). For 
instance, the coeﬃcient of linear correlation between the qualitative rating of the meas-
urements and the hydraulic resistance is ?? ? ???? with a ? -value of ????? . When 
looking at the evolution of the standard deviation of the height along the elements (?), 
it jumps to ?? ? ???? with a ?-value of only ??????. 
7.3.3 Correlation 
Test of dependence of the dimensions on the position of the channels 
A key aspect to choosing an appropriate method of optimization under uncertainty is 
to assess whether the random variables are independent or not.  
Intuitively, we thought that the width of the channels, and possibly also their height, 
may depend on their absolute position, and/or on their position relative to one another. 
Indeed, several potential reasons for a variability of these dimensions are linked to the 
position. Here is a non-exhaustive list: 
(a) Regular wear of the tool along its path if the parts are machined (material re-
moval); 
(b) Global, systematic deviation if the parts are formed with a pressure-based pro-
cess (e.g., stamped, hydro-formed, etc.); 
(c) Sinking of the membrane at specific locations, depending on the underlying 
structure; 
(d) Systematic deviation due to the responses of the structure to stress during as-
sembly and operation; 
(e) Propagation of a deviation from one channel (or element) to others. 
 
Three main situations can arise that we illustrate as follows: given a nominal dimen-
sion ??, if a channel measures ?? ? ?? ? ???, we can imagine that the dimension of an 
adjacent channel: 
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(i)  measures ?? ? ? with a high probability (? small); 
(ii) measures ?? ? ??? with a high probability (the middle rib is not centred); 
(iii) is independent of ?? (and possibly all others). 
Hypothesis: systematic deviation dependent on the absolute position 
All statistical tests on this hypothesis were inconclusive. Our eyes could not either de-
cipher some dependence. 
Hypothesis: dependence on the relative position (closeness of channels) 
A clear periodicity can be seen in the results, notably in figure 7.3. It is straightforward 
to draw a parallel between this periodicity and the details of the geometry of the FDP, 
when knowing them. However, it is not clear whether this is representative of actual 
values in operation, or if this is an artefact due to cuĴing through such a geometry, or 
both. We cannot give more insights without risking to disclose confidential infor-
mation. 
7.3.4 Conclusions about this characterization 
The contamination of the results is judged too large to aﬀord to use them with confi-
dence as inputs to an uncertainty quantification or an optimization under uncertainty. 
In other words, the (epistemic) uncertainty on the aleatory uncertainties that we wish 
to characterize is larger than desirable. 
More specifically, quantitatively, the results do not seem representative of the values 
actually expected, i.e., inferring from the nominal values, the manufacturing tolerance, 
and the additional variations induced by assembly and operation which seem reason-
able. According to our observations of the sample under the microscope, the most plau-
sible explanation is that a large part of the discrepancy is due to the contamination of 
the results by the intrusive measuring procedure. 
However, qualitatively, the results seem to confirm our expectations. In particular, the 
fact that height and width conform well to a normal distribution supports the assump-
tion of a normal-like distribution. 
Aside from that it is interesting that the underlying structure of the paĴern “appears” 
in the results, although it is not clear, whether this is an artefact of the cuĴing/polishing 
procedure induced by the paĴern, or if such variance would appear even with a perfect 
slice. 
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A more accurate measuring procedure is needed (e.g., using a diamond saw, or meas-
uring the dimensions of single channels). In the absence of such characterizations, it is 
questionable what is more reasonable: using the current data, knowing that they are 
contaminated, or using data based on manufacturer’s specifications, experience, and 
intuition? 
7.4 Data from another design 
Another design allowed us to get data with a less destructive approach. This design 
was basically formed by parallel channels at cathode and at anode. Both paĴerns were 
obtained by stamping. A laser-distance-measuring instrument was used to character-
ize the profile of the paĴern. The local height was measured along the width of the 
cathode and anode paĴerns. Data points were taken by steps of ?????? ?  (? ?
?????? ?). For the anode, the characterization was done after stamping and after sin-
tering (but before operation). No post-operation data are available because the paĴern 
suﬀered too much from the disassembly. For the cathode, three states were character-
ized: stamped, sintered, and post-operation. It should be reminded that disassembly 
likely aﬀected the paĴern. 
In the following, although it is the complete profile of the channels that determine the 
flow distribution, we will mostly discuss the height of the channels. Indeed, it is the 
predominant dimension, because it is at the same time the smallest dimension and the 
most subject to variability. 
1. Anode 
Figure 7.7 shows the profile of height along the width of the paĴern at anode, in 
stamped and sintered state. Table 7.3 shows the main corresponding statistics.  
The stamped profile is quite regular: the standard deviation is only ??  of the mean 
value of the height, whereas the maximum and the minimum stand ??  above and 
below the mean. Besides, the profile is almost flat. The mean height is ??  larger than 
the nominal targeted value, but such a larger value is desirable, because the material 
shrinks during sintering. 
The sintered profile is much less regular. First, we can observe that the profile is bent 
in a concave shape. Fortunately, the whole profile is subject to this curvature, so that 
the distance between the top and boĴom of the channels is more constant than other-
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wise. Still, this curvature implies that the contact with the cell may not be homogene-
ous, leading to diﬀerential electrical contact-resistances. In the worst case, it could even 
lead to a loss of contact and create a by-pass from one channel to another for the flow. 
Although in this case, the flexibility of the materials can most probably compensate for 




Quantitatively, looking at statistics, the standard deviation of the height for the sin-
tered profile is ??  of the mean, which, however being three times bigger than for the 
stamped profile, still seems reasonably low. The maximum is besides only ??  larger 
than the mean. In contrast, the minimum is ???  below the mean, which is trouble-
some and will ultimately limit the achievable global fuel utilization. This maĴer is fur-
ther discussed in § 7.4.3, p. 209. Additionally, the mean height is ??  smaller than the 
nominal targeted value: hence, the stamped design is not over-dimensioned enough to 
fully compensate for shrinkage. Moreover, it would lead to larger resistance to flow 
(so pressure drops) in the channels; this is in principle beneficial for a homogeneous 
nominal flow distribution, but also makes the design more sensitive to variabilities, po-
tentially leading to a worse eﬀective flow distribution. 
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2. Cathode 
Figure 7.8 shows the profile of height along the width of the paĴern at cathode, in 
stamped, sintered, and post-operation state. Table 7.4 shows the main corresponding 
statistics.  
Like for the anode, the stamped profile is quite regular: the standard deviation is again 
only ??  of the mean, whereas the maximum and the minimum stand ??  above and 
below the mean. The mean height is ???  larger than the nominal targeted value. We 
will see whether this is enough to compensate for shrinkage. 
The sintered profile is much less regular. This time, the profile is bent in a convex 
shape. The mean height is still ??  larger than the nominal targeted value, suggesting 
that the cathode-material shrinks less than the anode-material. It is however interesting 
that after operation, the mean height is ??  larger than the nominal targeted value, 
suggesting that the paĴern is further compressed by a relatively large amount. If a 
similar outcome can be extrapolated to the anode, it would then imply much lower 
channels-height than targeted. We should however note that disassembly may have 
damaged the paĴern. 
In figure 7.8, we can also see that the first and last channel are basically non-existent 
after sintering and after operation. Looking at figure 7.9, we observe that the sealing 





The standard deviation of the height for the sintered profile is ??  of the mean, which 
is considerable. It is almost the same after operation (???  ). The maximum is ??  
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7.4.2 Distribution of air flow 
By observing the cathode paĴern after disassembly, we discovered an unexpected way 
of geĴing insight about the flow distribution: in that particular situation, grey traces 
can be seen at the boĴom of the channels (see figure 7.9). These traces are essentially 
due to the formation of strontium chromate (??????). Strontium is a compound of the 
cathode, while chromium comes from the stainless steel. According to fluid-mechan-





Qualitatively, the “bar-graph” formed by these traces (figure 7.9) shows that the air 
flow was likely rather homogeneous, apart from the lateral channels. This seems co-
herent with what is often observed in similar situations (either experimentally or com-
putationally). Lateral channels are usually less fed, at least partly because of the bound-
ary-layer that forms in the manifold. Additionally, it can be seen here that the most 
extreme channels were partially blocked by the sealing material. 
Chapter 7 — Characterization of the uncertainties 
ŬŪŲ 
To get a quantitative insight, we measured the length of each of these traces. Since they 
are fuzzy4, and to avoid a personal bias, three persons including myself measured them 
independently. Figure 7.10 shows the average and standard deviation corresponding 
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The median of this distribution is bigger than the average by ?? . So, more channels 
are overfed than underfed; but it also means that to compensate for this, the deviations 
with respect to the ideal flow rate is larger for underfed channels than for overfed ones. 
This is clear in figure 7.10. It is not a desirable situation, because limitation in fuel uti-
lization is caused by the minimum flow rate (without accounting for averaging eﬀects 
due to diﬀusion in the porous electrodes). In principle, it would be preferable to have 
many channels underfed by as small a margin as possible, than only a few by a large 
margin. 
                                                     
4 Even more so because the part was no more available, so the measurements were taken from this ar-






















 7.4 Data from another design 
 ŬŪų 
Correlation between airflow traces and channels profile at cathode  
It is interesting to look whether the profile of the channels at the cathode side are cor-
related with the traces of strontium chromate left by the air flow. 
From the profile of the channels, we computed for each channel the flow resistive term 
corresponding to the geometry of the channels5 for a fully-developed laminar flow: 
?????. Then, the coeﬃcient of linear correlation ?? was computed between the relative 
length of the flow traces (indicator of flow rate) and the inverse of the aforementioned 
resistive term. This way, if all underlying hypothesis are perfectly verified, we should 









It can be seen that the linear correlation is particularly weak for the stamped profile. It 
is however reasonably high in both other states. Given all the (epistemic) uncertainties 
that remain with the available data, this relatively high score gives confidence in the 
observations we made, relationships we tried to establish, and outcomes we can draw. 
This case is a good illustrative example of a crucial point: (pre-)manufactured conditions 
are not necessarily representative of operating conditions. Therefore, it may not be wise to 
use their characterization to predict products’ performance, nor to rely on them to take 
design decisions. 
7.4.3 Consistency with the characterization of the fuel cell 
According to the report of operation, the fuel cell was limited by concentration polari-
zation for fuel utilization larger than ???  (for all gas inputs). This seems coherent 
with the insight available about the flow distribution: lateral channels, which are fed 
                                                     
5 The coeﬃcient of shape (??) is neglected; its eﬀect is insignificant, especially since the shape of the chan-
nels is mostly unchanged. 
Chapter 7 — Characterization of the uncertainties 
ŬūŪ 
by less than ???  of their nominal flow, are correspondingly subject to a local fuel uti-
lization of ??? ? (or even over, numerically) when the global fuel utilization is set at 
??? . Moreover, limitations appear before the theoretical limit of ????  fuel utiliza-
tion even for perfectly uniform flow distributions. Therefore, it is clear that these 4 lat-
eral channels are largely contributing to severely limit the performance and durability 
of the fuel cell. Note that they correspond to more than ???  of the cell area. 
This ?-cells stack achieved a maximum electrical power of ????  for a flow rate of hy-
drogen equal to ?? ?????? ? ???? and an electrical eﬃciency of ca. ???  for a flow rate 
of hydrogen equal to ?? ?????? ? ????. 
Words of caution and potential for improvements 
The characterization of the channels-profile was done on a single cell and at a single 
location along the length of the cell. Therefore, it may not be representative of the av-
erage manufacturing, assembling, and operating scenario. Similarly, the extracted pro-
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“The purpose of computing numbers is not yet in sight.” 
Richard W. Hamming 
Introduction to Applied Numerical Analysis (1997) 
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Propagation of the uncertainties 
The purpose of this chapter is to apply uncertainty quantification, i.e. propa-
gate input uncertainties in the form of probability distribution functions through the 
model of the fuel cell to quantify the output uncertainties. 
The beginning of this chapter is largely based on our publication Impact of Random Ge-
ometric Distortions on the Performance and Reliability of an SOFC [82]. 
8.1 Summary 
A method based on Monte Carlo simulations (MCS) is developed to assess the impact 
of manufacturing tolerances on the durability of performance and on the reliability of 
solid oxide fuel cells (SOFCs). Computational fluid dynamics (CFD) simulations of the 
fluid distribution paĴern (FDP) at the anode are carried out for a set of deformed ge-
ometries. An automated code allows generating standardized deformations in a ran-
dom manner on the original meshed geometry taken as input. In the scope of this 
study, the fuel flow uniformity is taken as the indicator of the performance and uni-
formity is taken as the indicator of the performance and reliability of SOFCs. Statistical 
uncertainty quantification analyses are carried out to assess the impact of dimensional 
tolerances on repeat elements both taken individually and stacked together. The im-
plemented method is evaluated with two FDPs from the literature. Results show that 
the sensitivity to variability in thickness is predominant on the sensitivity to in-plane 
deformations of channels. Besides, the magnitude of sensitivity largely depends on the 
FDP and on the extent of the deformation, too. In addition, negative eﬀects of defor-
mations are shown to be exacerbated in stack situation. The method proved successful 
in geĴing relatively quick insights on the quality of FDPs with respect to dimensional 
tolerances. 
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8.2 Introduction 
The scope of the following study is limited to standardized distortions and to a simple 
model of the FDP, confined to the computation of the flow distribution at the anode, 
without electrochemical reactions, and assuming isothermal conditions. Besides, only 
FDPs with straight channels are considered and a maximum of two deformations is 
applied per sample. 
The methodology is based on Monte Carlo simulations (MCS) using computational 
fluid dynamics (CFD) tools. The idea is to compute quality indicators for a set of ran-
domly deformed FDPs. From that point, several uncertainty quantification analyses 
are done to forecast the quality of the gas distribution and to highlight the best FDP 
geometries for given dimensional tolerances. 
The methodology and routines developed for this study can be used as a decisional 
tool to conduct the design optimization phase of FDPs and manifolds. 
8.3 Description of the problem 
8.3.1 Influence of flow uniformity on channels' fuel utilization 
As stated before, the flow uniformity is of major importance for the performance and 
reliability of fuel cells [12,13,18,27–29]. This is explainable schematically by the fact that 
the possible fuel conversion a channel is limited by the mass flow rate of fuel available. 
As a consequence, if a channel is not supplied with enough fuel, degradation may oc-
cur by fuel depletion, re-oxidation of the cell, or even breakage. From the point of view 
of the airflow, heterogeneous distribution may lead to temperature gradients, them-
selves being potentially responsible for structural stresses and for gradients of reaction 
rate (fuel consumption). 
Besides, the fact that the fuel utilization for each channel may be diﬀerent from the 
apparent — i.e., average — fuel utilization of the repeat element makes it really diﬃ-
cult to have a reliable measurement feedback on possible issues in the stack during 
operation [30]. 
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8.3.2 Modelling of defects 
To approach the reality, diﬀerent levels of modelling can be considered. The following 
concepts are illustrated in figure 8.1 and are explained below. The highlighted green 
arrow is intended to show the channel with the minimum mass flow rate, which will 
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1. Effects of defects on individual elements 
To evaluate repeat elements individually, the mass flow rate that enters each element 
is kept constant; this is the mass flow rate imposed at the inlet for the simulation: ?? ???? ?
?? ??????. Taken individually, the quality of a repeat element may be defined by the devi-
ation of mass flow rate across its channels. 
In an ideal case, the fuel would be perfectly uniformly distributed among the channels, 
as shown in figure 8.1A. Hence, performance and reliability issues would not arise 
from the flow distribution. Unfortunately, as soon as a designed geometry — even free 
from distortions — is considered, the flow distribution will present some deviations, 
e.g., as illustrated in figure 8.1B. Of course, as a maĴer of fact, the real geometry is likely 
to be more or less a deformed geometry due to manufacturing tolerances. As shown in 
figure 8.1C, the flow distribution will be aﬀected by the deformation, with possible 
critical consequences (even if in some rare cases an improvement of the homogeneity 
may be observed). 
Finally, the resulting pressure drop corresponding to the imposed nominal flow ??el?? 
diﬀers for each element, in accordance with the geometrical deformations. 
2. Impact of defects at stack level 
When considering a stack of repeat elements as a whole, the pressure drop is assumed 
to be constant for each element (stacked in parallel). As a result, the mass flow rate 
varies among the repeat elements in accordance to the aforementioned distribution of 
pressure drops at nominal flow, i.e., of deformations among them. 
In an ideal case, the stack would be made of repeat elements with a uniform quality, as 
shown in figure 8.1D. Thus, in this idealized situation, the stack performance would 
be only limited by the quality of the design, i.e., by the minimal flow rate in the chan-
nels, which would be identical for each individual element. However, in reality, the 
elements are more likely to be distributed with heterogeneous qualities among the stack, 
as shown in figure 8.1E. Consequently, the flow rates may diﬀer from one element to 
the other: if some elements are underfed compared to the ideal case, the flow rate in 
the limiting channels will be even lower than when considering the elements individ-
ually. As repeat elements are electrically connected in series, the local (actual) fuel uti-
lization diﬀers among the diﬀerent elements [30]; hence, the channel with the lowest 
flow rate will reach the highest channel's fuel utilization among the whole stack. This 
channel is thus decisive for the stack performance and reliability. 
 8.4 Methodology 
 Ŭūű 
8.4 Methodology 
8.4.1 Steps of the computation process 
The methodology is based on MCS by using a CFD model. MCS are carried out for 
typical geometric deformations. Then, data extracted from the simulations are ana-
lysed statistically to quantify the uncertainties. From these analyses, the eﬀect of stack-
ing can be evaluated, as well as diﬀerent geometries of the FDP. 
As also detailed in figure 8.2, the computation process for the MCS is as follows: 
? Meshing the geometry of reference; 
? Generating parameters of deformations in a random manner; 
? Deforming the mesh; 
? Running CFD simulations (ANSYS FLUENT); 
? Post-processing data (MATHWORKS MATLAB). 
The entire process is automated with a home-made MATLAB routine. In particular, the 
random geometric distortions are generally directly on the original mesh free from 
distortions by post-processing it. To cover a representative collection of possible cases 
with the random parameters, the Latin hypercube sampling (LHS) algorithm imple-
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8.4.2 Automated generation of standardized deformations 
To systematize the tasks and allow both an automatic treatment and meaningful sta-
tistical analyses, some typical deformations are chosen to be applied to the geometries. 
Typical curves of the deformations are shown in figure 8.3. Three-dimensional repre-
sentations of exaggerated deformations on meshed geometries are shown in figure 8.4 
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The functions to compute these deformations at mesh point ? are defined by the fol-
lowing equations: 
1. In-plane ???? deformation 
The shape of the in-plane deformation is determined by the function ????????, defined 
as: 




This function allows translating mesh points toward or away from a point defined as 
the centre of the deformation. In this function, ?? ? ???? is the in-plane distance of any 
mesh point ???? ?? from the centre of the deformation ????? ???. ??? is a dimensionless 
factor that controls the position of the maximum of the deformation with respect to the 
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range of influence ? of the deformation (in ??). The exponent ??? is defined in equa-
tion (8.1) such that the residual deformation at radius ? is below a given threshold of 
the nominal amplitude. 
 ??? ? ?
?????? ?????? ??
???????
? ?????????? ??????? ? ??????? ?? ??????
where ?? is the residual fraction of the amplitude of the deformation at the 
distance ? from the centre of the deformation. 
The absolute deformation ???? is then obtained by normalizing the shape ??? and by 
multiplying it with the desired amplitude of the deformation. The laĴer is defined as 
the product of the relative amplitude of the deformation ??? and the width of the chan-
nel ? (in ??): 
 
???? ? ???? ? ???????????? ??????
Finally, the new coordinate ?? of any mesh point ? is computed with: 
 ??? ? ?? ?
??
?????????? ??????
2. Vertical ??? deformation 
The thickness variation of the FDP is obtained in a similar manner. The absolute verti-
cal deformation ??? ? ?? ? ?, which allows computing each new vertical coordinate ??, 
is defined as: 
 ??? ? ????? ? ???????
?????? ??? ??????
where ?? is the relative amplitude of the deformation and ?? is the vertical coordinate 
at the baseline of the FDP. ?? is a factor that controls the steepness of the deformation. 
Finally, ?? is defined as: 
 ?? ?
?????? ????????
????? ? ?????????? ?????? ? ???????? ? ????? ??????
where ?? is again the residual fraction of the amplitude of the deformation 
at the distance ? from the centre of the deformation. 
In the current study, the parameters ???, ??, and ?? are kept constant and, respec-
tively, equal to ???, ???, and ????. 
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Figure 8.4 is an illustration of the exaggerated deformations on a fragment of the FDP 
obtained with preceding equations implemented in a MATLAB routine. 
Both in-plane deformations and thickness variations are modelled and can be applied 
alone or in conjunction to the geometries. The model is intrinsically coded such as sev-
eral deformations can be superposed. In this study, however, with a view to analyse 
the statistical sensitivity to various parameters, a maximum of one deformation of each 
type is applied per sample, with for both a common centre ????? ??? for the functions 
of deformations. 
The parameters that are randomly varied in the MCS are the point of control (centre) 
? of the deformation functions, the amplitudes ??? and ??, and the range of influence 
?. These parameters are summarized in table 8.1 together with their assumed statisti-
cal law of distribution. 
While the amplitudes are supposed to follow a normal distribution, the range of influ-
ence ? and the point of control ? are assumed uniformly distributed on given inter-
vals. For the range of influence ?, the bounds are related to the width ?, and the length 
? of the cell. 
?????????? ?????????????????? ????????????? ??????????
????????????????????????? ????????????????????????
???????????? ??????????????????????? ???
?????????????????????????????? ??????????????????????????? ?? ???? ? ????
???????????????????????????? ???????????????????????????????????????????????????? ? ???? ??
8.5 Results and discussion 
8.5.1 Fluid distribution patterns under study 
To have a reliable basis, it was decided to consider two “standard” FDPs for which a 
study of the flow uniformity can be found in literature [18,53,83]. The first paĴern is 
“asymmetric” with a single-inlet/single-outlet design, proposed by Yakabe et al. [84]. 
The second paĴern is “symmetric” with a double-inlet/single-outlet design, proposed 
by de Haart et al. [85] and modified by Huang et al. [53]. Both paĴerns have identical 
cell geometries. These measure ??? ? ? ??? ? and are divided by ?? channels with 
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a height of ???? ? and a width of ????? ?. The symmetric paĴern includes in addition 
?? equally spaced guide-vanes. 
Figure 8.5 shows the studied FDPs with computed contours of static pressure and ve-
locity magnitude, illustrating the diﬀerent concepts for the distribution of gases. 
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????????????? ???? ????????????? ??????? ???? ???????????? ???????? ??????????
?????????????? ??? ????????? ??????????????? ?? ????????????????? ??? ???????
?????????????????
8.5.2 Variations of parameters 
For both FDP, sets of ????? samples were simulated for each combination of parame-
ters as given in table 8.2. The amplitudes of deformation were always considered to 
follow centred Gaussian distributions (? ? ????). For the sets where a superposition 
of vertical and in-plane deformations was simulated (both amplitudes varied), two sit-
uations were studied: first with the ranges of influence ? set constant and then with ? 
varying. Besides, ? and ? were unchanged between both types of deformation in this 
study. For each other case, ? was kept constant and equal to ??? ?. The centre of the 
deformation ? was always uniformly distributed on the cell's surface. In total, ?? MCS' 
sets of ????? samples were computed, which are summarized in table 8.2. 
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In the following, relative amplitudes are expressed as the ratio of the absolute ampli-
tude over the characteristic length, i.e., the height and the width of the channel, respec-
tively, for vertical and in-plane deformations. 
?????????? ????????????????????????????????????????
? ? ???????
? ? ?? ? ?? ? ??? ? ??? ?
??????
?? ? ????? ?? ?? ??
?? ? ?? ? ? ?
??? ? ?? ? ????? ?
??? ? ?? ? ? ?
? ????????????????????????????????????????? ? ??? ???????????????????????????????????????
8.5.3 Sensitivity of individual repeat elements to dimensional 
tolerances 
1. Flawless geometries (references) 
To allow relevant comparisons of cases, the flawless geometries are simulated first to 
have references. Besides, mass flow rates within channels are scaled with the averaged 
channel mass flow rate, which corresponds to an “ideal,” homogeneous distribution: 
 ?? ?????? ?
?















The flow distributions obtained for the geometries of reference are presented on top of 
figure 8.6. It clearly stresses out that the flow is more uniform for the asymmetric pat-
tern.1 The minimum channel flow rate is ???  of the ideal mass flow rate, whereas, it 
reaches only ???  for the symmetric paĴern. For both paĴerns, the minimal flow is 
found on the sides of the element. In these non-deformed cases, a slight diminution of 
                                                     
1 This diﬀerence with respect to the results obtained by Huang et al. [53] is essentially due to slight diﬀer-
ences between geometries, especially the position and shapes of the guide-vanes. Indeed, we reproduced 
the geometries based on the drawing in their article. 
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the maximal safe fuel utilization can, therefore, already be expected from the simulated 
deviation of fuel distribution. 
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2. Deformed geometries 
Examples  
BoĴom of figure 8.6 shows examples of flow distributions for deformed FDPs, extracted 
from a set of MCS samples. It illustrates that the minimum flow rate within a channel 
can be significantly lower than within the flawless geometries (references). For these 
samples, the minima are, respectively, ???  and ???  for the asymmetric and sym-
metric paĴerns. In addition, it is visible that the deformation of the FDP induces a de-
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damages at high fuel utilization may aﬀect a large part of the cell. Finally, by the law 
of mass conservation, some channels present an important increase of fuel flow when 
compared with the non-deformed case. 
Statistical distribution for a set of samples 
Figure 8.7 shows the statistical distribution of the scaled flow rates obtained with MCS 
of a set of ????? samples. The histograms show the distribution for the reference ge-
ometries. Bullets are the averages ? ? ???? ????????? over all MCS. “Error bars” corre-
sponds to standard deviations ? ? ???? ????????? around ?. The MCS parameters of the 
deformations are as follows: the standard deviations of amplitudes for ? and ?? direc-
tions are, respectively, ????? ? ???  (?????) and ?????? ? ???  (??????). The range 
of influence ? and the point of control ? of the deformations are uniformly distributed 
according to table 8.1. 
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First, it can be seen that the average values are not much diﬀerent from the reference 
paĴerns. On average the deformed geometries have similar quality of flow uniformity 
than the reference geometries. However, the standard deviations of flow rates within 
channels are important. Therefore, the dispersion of quality is large and the probability 
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to be in the presence of a really worse geometry is correspondingly high. Moreover, 
the sensitivity to deformations is larger along the sides for both paĴerns: for the asym-
metric paĴern ????? ? ????  and ??????? ? ???? , and for the symmetric paĴern ????? ?
????  and ??????? ? ???? . Besides, it is worth to stress that the asymmetric paĴern is 
globally more sensitive, even if it shows beĴer distribution on average. Nevertheless, 
the minimum bounds of error bars are about equal for both paĴerns and reach ca. ???  
of the ideal flow rate. 
Finally, it should be mentioned that these outcomes are largely due to the choice of the 
deformation parameters. In fact, when a case of small defects only is considered (fixed 
range ? ? ??? ? for instance), the results show lower dispersion of flow rates within 
the FDP and also a lower diﬀerence between sides and centre: from ???? ? ????  to 
???? ? ????  for the asymmetric paĴern and from ???? ? ????  to ???? ? ????  for 
the symmetric paĴern. 
Sensitivity to the type of deformation 
To investigate the sensitivity specific to the direction of the deformation, series of MCS 
were run once for each direction, with all parameters kept constant except the point of 
control ? and the amplitude ? in the specified direction. In other words, no defor-
mation was allowed in the other direction (? ? ?? ) and the range of influence ? was 
taken constant and set to ??? ?. 
Sets of MCS were computed for thickness variations with standard deviations of the 
amplitude, ?????, equal to ?? , ??? , and ???  of the nominal thickness of the FDP. 
Regarding the sensitivity to in-plane deformations, ?????? equal to ??  , ???  , and 
???  of the channels' width. In absolute magnitude, those values correspond, respec-
tively, to ???? ??? ???? ???? ???? ???????????. 
Considering thickness variations, data in figure 8.8 represent for each channel the 
lower bounds of error bars for scaled mass flow rates, i.e., ???? ????????? ? ???? ????????? . 
Here again, each value that is below ? — stating the average — is limiting the perfor-
mance and the reliability of the fuel cell. Actually, it is important to notice that by mass 
conservation, those values cannot be obtained all simultaneously for an element: ???  
lack in one channel must be compensated by an excess in other ones. Once more, the 
asymmetric paĴern is globally more sensitive to thickness variations. However, ex-
treme values are worse for the symmetric paĴern. 
It is now important to remember that the interval between the boundaries of error bars 
corresponds to only a fraction of all reachable situations (ca. ???  for a normal distri-
bution). Hence, a non-negligible number of cases are still worse. Evidence of this and 
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its consequences will be discussed later on in the section Statistical distribution of the 
flow deviation (p. 230) and shown in particular in figure 8.10. 
Figure 8.9 is the counterpart of figure 8.8 for in-plane deformations. By comparing 
these two figures, it is clear that the tolerance along the z-direction is more critical than 
along the ??-plane. Even with a standard deviation of the amplitude as large as ?????? 
in ??-direction (???  of the characteristic length), the flow uniformity is statistically 
still beĴer than with “only” ????? (??? ) along ? and is similar to the flow uniformity 
obtained with ????? (?? ) along ?. Nevertheless, these statements should not hide the 
fact that the geometry of the FDP is one of the most preponderant factors, as the results 
also show. 
8.5.4 Impact of tolerances on a stack 
1. Mathematical transition to stack situation 
To assess the impact of stacking elements produced with a given tightness on toler-
ances, the results obtained in MCS series for individual elements are post-treated to 
correspond to a stack situation. 
In the studied case, the hypothesis is made that the deformation on one element has 
no link with the deformations on other elements (no macroscopic deformation applied 
to the entire stack). In other words, each element is deformed, and then, they are (vir-
tually) staked together. Hence, the data issued from the MCS are used to compute the 
“corrected” data specific to the stack situation. The laws of mass conservation and fluid 
mechanics (pressure drop) are used to move from one situation to the other. The de-
velopment is as follows. 
 








Considering the elements individually (??) 
The mass flow rate that enters the element, ?? ????, is imposed and is the same for each 
simulation, whereas, the pressure drop for the element, ??????, depends on the defor-
mation and is part of the data extracted for each simulation. For each channel of each 
element, the mass flow rate ?? ????  is also extracted and by the law of mass conservation 
they are linked to the mass flow rate of the element by: 
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Considering a stacking of all those elements (??) 
In this situation, it is the pressure drop for each element that is constant:2 ??el?? ? ???. 
This is a consequence of the stacking of the elements (hydrodynamically in parallel). 
That pressure drop is obtained with the equilibrium of all pressure drops of the indi-
vidual elements, i.e.: 








Assuming a laminar flow within the channels, the pressure drop is proportional to the 
mass flow rate; hence, for a given fluid and a given geometry, the pressure drops and 








As a consequence, the mass flow rate that enters a given element in the stack is com-
puted as: 




Implicitly and with previous hypotheses, the deformation is identical for an element 
taken individually than for the same element when stacked. As a result, the flow dis-
tribution will have the same shape qualitatively, but with a global shift of the ampli-
tudes quantitatively; hence, the mass flow rate that enters a given channel for a given 
element in the stacked situation is computed the same way: 




Finally, the stack pressure drop is defined such as to obtain an average flow per ele-
ment equal to the nominal flow imposed in the MCS runs ??? elsimu?. It is defined here as 
                                                     
2 Neglecting the eﬀect of gravity and considering perfect manifold. 
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??elST ? ????????? the stack pressure drop for the considered set of simulations. This corre-
sponds to a stack with a large number of elements. Here, it is not considered the case 
of smaller stacks, where the stack pressure drop obtained for the average fuel flow may 
diﬀer from ????????? (??? ? ????). This case is considered later in § 8.6 Statistics for prac-
tical combinatorial cases, p. 232. 
We use the indicator of flow uniformity ????, as defined in equation (3.4). The statistical 
distributions of ???? are shown in figure 8.10 and are discussed in the following para-
graphs. 
2. Statistical distribution of the flow deviation 
The results presented hereinafter were obtained with MCS of a set of ????? samples 
deformed with one vertical distortion and one in-plane distortion, whose parameters 
are as follows: standard deviation of amplitudes for ? and ?? directions are, respec-
tively, ????? ? ???  (????? ) and ?????? ? ???  (?????? ). The range of influence ? 
and the point of control ? of the deformations are uniformly distributed according to 
table 8.1. 
With equation (3.5), it is possible to obtain the statistical distribution of the flow rate 
deviation in the stack situation, which can be compared to its counterpart of elements 
considered individually, equation (3.4). These statistics are shown in figure 8.9 for both 
FDPs in the form of probability distribution functions. The green dashed line repre-
sents the deviation ???? for the reference — flawless — geometries, while the red dash-
dot line represents the average of the deviation indicator ??????? computed over the 
whole set of ????? deformed samples. The two blue surrounding lines show the stand-
ard deviation of ????, i.e., ???????. 
Firstly, the statistical distribution for individual elements can be found on top of fig-
ure 8.10. It points out that the deviation is, on average over all sampled deformations, 
worse than the deviation for the geometries of reference, free from deformation. For 
instance for the asymmetric paĴern of individual elements, ????????? ? ???   and 
???????? ? ? ??? . Moreover, the cumulative probability of being worse than the refer-
ence is ca. ???  for both FDPs. These results also show that, again, the symmetric pat-
tern proves to be less sensitive to deformations than the asymmetric paĴern, by about 
??  to ?? . Furthermore, these statistics bring to light that a small number of individ-
ual elements (? ?? ) leads to a deviation worse than ???? . In other words, those el-
ements will limit the range of safe fuel utilizations to a large extent, without any addi-
tional considerations. 







Secondly, looking at the statistical distribution for the stack situation (boĴom of fig-
ure 8.10), the deduction is straightforward: stacking the elements leads to a critical in-
crease of the statistical dispersion of the flow deviation and thus an increase of the risk 
of failure. Although it is interesting to notice that some channels are beĴer fed (excess 
of fuel at the level of the element), it should be reminded that it is the worst channel, 
which is decisive for the destiny of the entire stack. Quantitatively, the average ???????? ? 
is almost equal to ???????? ?, which is smaller by less than ???? . However, the standard 
deviation ???????? ? is about twice to three times as large as ???????? ?: respectively, ???  
instead of ??  and ????  instead of ????  for symmetric and asymmetric paĴerns. As 
a consequence, when stacked, some elements lead to a deviation worse than ???? , 
limiting the range of safe fuel utilizations to a considerable extent for the correspond-
ing elements, and, therefore, also for the whole stack. In stack situation, the cumulative 
probability to get a deviation worse than ????  for any elements amounts to ????  and 
???  for the asymmetric and symmetric paĴerns, respectively. Hence, when stacking 
????? elements manufactured with the given dimensional tolerances, ca. ??? elements 
are expected to have one channel underfed by at least ??? . In addition, it should be 
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emphasized that since those values are only due to geometrical considerations, other 
factors adding to them will contribute to even lower reachable fuel utilizations. 
This case study — based on real stack dimensions and dimensional tolerances — 
shows in this example how strongly the performance and reliability of an SOFC stack 
are aﬀected by dimensional tolerances. Indeed, with vertical and in-plane dimensional 
tolerances of, respectively, ???  and ??? , the minimum channel flow rate in stack sit-
uation may be lowered by not less than ???  with respect to the ideal flow rate. 
8.6 Statistics for practical combinatorial cases 
The statistical analysis performed in § 8.5.4, p. 227 is only valid for stacks composed of 
all the same elements that correspond to all the realizations (samples) which were sim-
ulated. This implies that ?????? ? ????????? For the statistical quantification of the un-
certainties, it is useful to have as many realizations (samples) as possible. However, in 
reality, a stack contains a limited number of repeat elements, typically around ???. As 
a consequence, a stack will be assembled out of a subset of a manufactured “popula-
tion” of repeat elements. Statistically, this corresponds to doing a “combinatorial 
draw.”  
8.6.1 Stack of ?? elements drawn from batch of ????? 
Let ? be the number of repeat element per stack and ? the total number of samples 
(realizations), corresponding to a batch of production. Then, the number of possible 
combinations ? is: 
???? ?? ? ???? ?? ? ??? ?
??? ? ??? ?? ? ? ? ??
??  
 
???????? ??? ? ????? 
Assuming ? ? ?? ? is the time to assess the performance of one of these combinations 
(i.e., one realization of a stack) on one contemporary computer-core, and that we would 
have access to the current 1st supercomputer in the world (???? ? ??? cores), the time 
to get an exhaustive statistical description would still be: 
? ? ?????????? 
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Therefore3, only an estimator of the statistics (mean, variance) of these combinations 
can be computed. 
Estimation procedure 
The estimation was done with ??????? draws. To speed up the computation proce-
dure, we used “logical indexing” in MATLAB, which is an eﬃcient way of randomly 
drawing ? elements of a vector of length ?. The indexes are randomly generated with 
a pseudorandom number generator. It is not even necessary to reorder the indexes. 
Example for ???? ?? in MATLAB notation 
Let ? ? ??? ?? ?? ??? ??? ??? ??? ??? ??? be a vector of ? elements in which we want to draw 
? random elements. ? is a vector randomly generated with indexes between ? and 
number of items in ?. For the following, we assume that one realization of ? is equal 
to ??? ?? ??. Then, using ? we can construct the Boolean vector ? with: 
???? ? ?????????? ? ?? ? ??? ?? ?? ?? ?? ?? ?? 
? has the same length as ? and contains ? at every index corresponding to the ? ele-
ments to be drawn in ? and ? at every other. Using the vector ?, we can now build one 
particular realization (draw) of all the possible combinations ???? ??: 
? ? ???? ? ? ? ??? ?? ??? 
We repeat this process as many times as wished (????????). 
Additional remark 
For such a large number of draws, it is worth fine-tuning the computation of even the 
most basic mathematical functions and to pre-allocate space in memory to hold the 
variables. The overall time to run the code can be reduced significantly. 
Examples: In MATLAB (sum((x−μk(c)).^2)/(n−1)).^0.5 is faster than std(x) and 
sum(x)/n is faster than mean(x). 
                                                     
3 ???? years is obviously an enormous amount of time. But to give a sense of perspective: the current model 
for the Big Bang suggests that the age of the Universe is of the order of ???? years. Put otherwise, ???? ?
???? ? ????, the laĴer being the approximate number of atoms in the observable Universe. 
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Results 
Figure 8.11 shows the statistical distribution of the flow-rate deviation in the most lim-
iting channel in a stack of ?? elements drawn randomly from a manufactured popula-
tion of ????? elements. We observe that the worst channel in the stack is always much 
below the worst channel of the reference geometry. Instead of −3 %, it takes values in 
the interval ????? ??????? ?, with an average of ca. ???? . Note that when not taking 
into account the variability, the worst element is always at −3 %, disregarding if ele-
ments are stacked and how many are (in both reasoning, the eﬀect of the stack-mani-
folds is neglected). Hence, when stacking ?? elements taken from a batch of ????? ele-
ments manufactured with the given dimensional tolerances, it is almost certain that 
the most limiting channel is underfed by at least ??? ? 
Figure 8.12 shows the statistical distribution of the flow-rate deviation in channels at 
one standard deviation from the mean in a stack of ?? elements drawn randomly from 
a manufactured population of ????? elements. The range of dispersion is around three 
times lower for the standard deviation than for the minimum (both being random var-
iables here). 
 








???????????? ???????????? ????????????? ??? ???? ?????????? ?????????? ??? ????????? ??? ????
????????? ?????????? ????? ???? ????? ??? ?? ?????? ??? ???????????? ??????
???????????????? ??????????????????????????????????????????
 
8.7 Limitations of the method 
This first study clearly reveals the impact of dimensional tolerances on possible issues 
for the planar SOFC technology, which corresponds well to typical performance limi-
tations and failures observed in the laboratory. Therefore, it shows the interest of the 
presented approach for design purposes and for the definition of quality requirements. 
The main fields of potential improvements are: 
(1) Additional types of deformations and defaults. 
(2) Coupling to electro-chemistry and heat transfer for a better assessment of per-
formance limitations. 
(3) Introduction of reliability indicators for determining the domain of safe oper-
ation [12,13,28]. 
(4) Coupling between CFD and thermo-mechanical models to simulate possible 
interactions. 
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Another limitation is inherent to the basics of Monte Carlo methods, i.e., the heavy 
computing load, both in terms of time and of resources. However, for a limited number 
of cases, the load is reasonable regarding the useful information that can be obtained. 
Moreover, a comparison of the results with ??? or ????? samples shows a relative dif-
ference of less than ??  for the principal statistic indicators (?? ?). Hence, the computing 
eﬀort can be tailored in the context of an industrial design phase, for instance. 
8.8 Computer resources 
The MCS were ran on the high-power computing (HPC) cluster Pleiades, at EPFL. The 
EPFL's community has access to ?? shared ANSYS software licences. Relevant data are 
given in table 8.3 to give an insight of the computing eﬀort. The portion of the server 
that was used has the following characteristics [86]: 
? ??? Dell PowerEdge SC1425 processors: 
Intel Xeon mono-processor, ???????; ??????????? at peak; ?? ? of L2 cache. 
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8.9 Conclusions to the chapter 
A method based on MCS of deformed FDPs, modelled using CFD, has been developed, 
implemented, and assessed. The methodology proved successful in eﬀectively geĴing 
insights on the quality of FDPs with respect to dimensional tolerances.  
The results of the statistical analyses processed on data from the MCS bring to light 
four major outcomes: 
(1) The planar SOFC technology is highly sensitive to the geometrical quality of 
the FDP at the anode, both in terms of performance limitations or possible risk 
of degradations and damages. 
(2) The sensitivity to thickness variations of the FDP at the anode is preponderant 
when compared to in-plane deformations. Regarding manufacturing pro-
cesses and real designs, this implies strong criteria of quality for the choice of 
appropriate production methods. 
(3) In stack situation, the negative effects of deformations are exacerbated by the 
deviation of flow among the elements. 
(4) Some geometries of the FDP are more favourable than others, revealing that 
the design of the FDP can restrain to a certain extent the sensitivity to manu-
facturing tolerances, i.e., allow better durability of performance and reliability 
for the same dimensional accuracy. 
Briefly, the results highlight the importance of dimensional tolerances, i.e., of the ap-
propriate choice of the FDP geometry and manufacturing processes. Thus, the method 
implemented in this custom-made automated tool also helps to take decisions by giv-
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« Les grandes personnes aiment les chiﬀres. » 
Antoine de Saint-Exupéry 








????????? ????? ?????????????????????????? ??? 
??????????????????????????? ????????????????????????????????????????????????????????????????????????????? ?? 





?????? ??????????????????????????????????????????????????????????????????????????????????????????????????????????????????????????????????????? ?? 
???????????????????????????? ?????????????????????????????????????????????????????????????????????????????????????? ?? 
????????????????????????????????????????????????????????????????????????????????????????????????????????????????????????????? ?? 
????????????????????????????????????????????????????????????????????????????????????????????????????????????????????????????????????????????????????? ?? 










  – ŬŮū – 
Optimization under uncertainty 
The purpose of this chapter is firstly to concretely show the usefulness of an 
optimization under uncertainty to design fluid distribution paĴerns for fuel cells. Sec-
ondly, it gives quantitative insights of what are the most adequate geometries to get a 
robust design, and specific solutions under the particular situation as represented by 
the model, fixed parameters, and optimization problem. Thirdly, it shows how the cho-
sen methods help to make the problem tractable, but also shows the remaining chal-
lenges and dilemma, opening perspectives for further research. 
9.1 Formulation of the optimization problem 




???? ? ? 
???? ? ? 
??????
where ???? ? ? is the objective function, ? ? ???the ? decision variables, ? 
the equality constraints and ? the inequality constraints. Note that in our case, the 
model forms the equality constraints; in the context of our optimization, we only set 
inequality constraints. Also, the most basic inequality constraints are constituted of 
bounds on the decision variables: ???? ? ? ? ???. 
9.1.1 Objectives of the optimization 
The objective of an optimization problem is wriĴen as an objective function. Yet, most 
real problems involve multiple objectives ? ? ??? ??????. A first convenient approach, 
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when applicable, is to regroup the objectives by (generalized) multiplication: e.g., 
power density may be used as a replacement for power and compactness. A solution 
that is often considered is to cast several objectives into a single objective function by 
weighting them in a linear combination: ? ? ????? ? ????? ? ??????? . The main 
drawbacks of this approach is that the solution depends on the weights and it is typi-
cally subjective. A multi-objective algorithm can also be used, with the advantage of 
keeping the objectives distinct to compare various combination in a Pareto graph. We 
used a multi-objective genetic algorithm to distinguish two objectives (compactness 
and eﬃciency). Last but not least, it is sometimes interesting to reformulate some ob-
jectives as constraints: e.g., eﬃciency can be wished to be at least ???  instead of max-
imal. 
9.1.2 Tolerances as objective or as constraint 
In our study, dimensional tolerances play an important role. Two diﬀerent approaches 
were looked after to consider them: 
? Find the maximum manufacturing tolerances under which the model satisfies 
the constraints (notably, lower bounds on efficiency to guaranty a minimal ef-
ficiency). 
? Or find the maximum efficiency achievable — and how to achieve it by choos-
ing the design variables adequately — under given tolerances (parameters). 
Both are interesting approaches. The more adequate depends on how the company 
who designs the parts plans to manufacture them. For instance, one of our partners 
cannot really get reduction of cost from their manufacturer by requesting less tight 
tolerances [87], whereas it is a lever for the other. It is also a question what is the prior-
ity for the company: e.g., from a marketing point of view, if eﬃciency is a key asset or 
if it is acceptable to sacrifice a bit of eﬃciency to lower the cost and/or increase the 
lifetime. The first formulation is a bit less convenient, since an equivalent deterministic 
formulation does not exist (to get a starting point for the stochastic optimization). 
9.1.3 Nonlinear inequality constraints 
As noted above, equality constraints are constituted of the model equations; we have 
no others to add. About inequality constraints, we provided bounds for the decision 
variables, which are given in table 9.2. Other inequality constraints are non-linear and 
are discussed here. 
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Although the goal of the thesis is not to optimize operating conditions, it was necessary 
to pay aĴention that the base case is chosen meaningfully in accordance to the simple 
designs considered. So, in a first step, we used the following constraints to explore 
possible operating conditions, aside from the “true” decision variables. The power 
density should not be trivially low, so that ?? ? ?????? ????  is imposed. Also, a min-
imum cell voltage of ????? ? ????? in order to avoid degradation from other sources 
than mentioned below. Similarly, ????????? ? ?????????, because too high current densi-
ties also favour degradation. Given our focus on very high fuel utilization, hence at a 
low current density, those constraints were not activated in the last optimization runs 
and could be omiĴed. Lastly, we imposed a minimum flow uniformity ? ? ??? in the 
deterministic case to help the optimization solver to converge. 
The other and main inequality constraints concern directly the degradations which are 
typically sensitive to the flow distribution. We used two indicators for the re-oxidation 
of nickel at the anode (with oxygen and with water vapour), and one aggregated indi-
cator for the formation of zirconate at the cathode. Details for the computation of these 
indicators are provided in the next section. According to their definition, the related 
degradation occurs when they are positive, so that the inequality constraints are:   
 
??????? ? ? 
???????? ? ? 
???????? ? ? 
??????
Remark: 
Here, we write constraints in a natural way. In the code, all the constraints are refor-
mulated in the standard way requested by the algorithm, i.e., ???? ? ?. 
Initially, we used indicators of degradation (?) in a Boolean form (? ? degradation, 
? ? no degradation) with equality constraints applied to them. We now use them in a 
continuous form with inequality constraints, as defined above. It is advantageous for 
the convergence of the optimization algorithm. Moreover, it is more in line with the 
fact that the risk and severity of degradation varies in magnitude (rather than as an 
on/oﬀ process). Also, in a stochastic framework, it allows to define a statistical criterion 
(e.g., probability) by retaining precision, otherwise lost in the truncation to form a Bool-
ean indicator. 
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Degradation of the electrodes 
Rather than arbitrarily imposing a maximum fuel utilization, we assess the risk for 
degradation of the electrodes. The optimization solver can then choose an optimum 
value for the fuel utilization. 
Special acknowledgements are due to Arata Nakajo for providing the relevant data. 
Re-oxidation of nickel at anode 
We use the approach of Diego Larrain [88], which we briefly report here. 
The oxidation of nickel with oxygen corresponds to the reaction: 
????? ? ????? ? ?????? 
The corresponding indicator of degradation is computed with: 
 ???????? ? ????
? ???? ? ???????? ??????
We estimate the molar fraction of oxygen at the anode side with: 
 ????
? ???? ?? ? ????? ???? ??? ?
???????????
??? ?? ??????
We compute the partial pressure of oxygen at equilibrium with: 
 ??????? ? ??? ?
???????????????
??? ?? ??????
with the Gibbs free enthalpy for the formation of nickel oxide by reaction of 
nickel with oxygen computed with the data in table 9.1 as: 
 ????
????????? ? ????????? ? ???????????? ? ???????????? ? ?????????? ??????
?????????? ???????????????????????????????????????????????????????????
?????????? ???????? ???????? ?????????
?????? ?????????? ?????????? ??????????
???? ? ???? ???? ????????? ??????????
 
So, the indicator in equation (9.3) depends on the temperature ?, the molar fraction of 
?? at the TPB, and the Nernst voltage, but it does not depend on the molar fractions of 
??? and ??. A positive value indicates a degradation. 
The oxidation of nickel with water vapour corresponds to the reaction: 
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????? ? ???? ?????? ? ?? 
The corresponding indicator of degradation is computed with: 
 ????????? ? ??? ?
???????????????
??? ? ????
? ????? ? ????? ????? ??????
with the Gibbs free enthalpy for the formation of nickel oxide by reaction of 
nickel with water vapour computed with the following fit of data [68]: 
 ????
?????????? ? ?? ? ??????? ? ?????? ? ??????? ??????
This indicator depends on the temperature ? and the molar fractions of ??? and ?? at 
the TPB, but it does not depend on the Nernst voltage, nor on the molar fraction of ??. 
It only activates for very low amount of ??, relatively high amount of ???, and high 
temperature. A positive value indicates a degradation. 
Formation of zirconate at cathode 
The performance of cathodes made of LSM-YSZ1 can be degraded by the formation of 
an insulating layer of zirconate, namely lanthanum zirconate (LZO) and strontium zir-
conate (SZO). The interested reader will find details about zirconate in [68] and further 
references in it. 
The indicator for the formation of LZO and SZO is computed with: 
 ???????? ? ????? ????
??? ? ?????????????? ??????
with the partial pressure of oxygen at the TPB computed from:  
 ?????? ? ????? ??????? ??? ?
??????
??? ??? ???????
and the value of ????? ????
??? is computed at a given temperature with a linear 
interpolation of the data from ????, shown in figure 9.1. 
                                                     
1 Lanthanum strontium manganite (LSM), YĴria-stabilized zirconia (YSZ). 






9.1.4 Remark regarding stochastic aspects 
1. Algorithm of optimization 
We remind here that the objective function of a stochastic problem is often “noisy”, 
non-smooth, due to the variability of the uncertain variables. This characteristic gives 
diﬃculty to gradient-based solvers, which are likely to get stuck in a local optimum. 
Indeed, they rely on the information of the gradients, which are often imprecise or 
unreliable in such situations. We used the genetic algorithm of MatLab to deal with 
multi-objective optimization and also paĴern search. 
2. Decoupling with principle of superposition 
The idea is to treat separately variables a) which have a strong eﬀect on the flow uni-
formity deterministically but less stochastically, versus variables b) which have a 
strong eﬀect stochastically but less deterministically (e.g., width of the manifolds vs. 
hydraulic diameter of the channels). 
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Following this idea, a deterministic optimization would be carried out with all decision 
variables, with variables (a) having priority. In a second stage, a stochastic optimiza-
tion would be carried out with only variables (b). 
By pushing the reasoning further: variables (b) are considered by fixing values of (a) to 
their respective ideal: e.g., “infinitely” big manifolds corresponding to no constraints 
on compactness. So, for instance, the variance of the response to PDF of (b) with ideal 
(a) is superposed (added) to the response when (b) are nominal (towards optimal) and 
(a) optimal. This assumes that the interactions between variables (a) and (b) are negli-
gible around the actual values with respect to other eﬀects. 
Note that by using the principle of superposition, one assumes that the physics is 
mainly linear where the principle is applied. Therefore, we decided not to apply it in 
the following. We however strongly believe that it could be worth to investigate this 
possibility in more detail. 
9.2 Application to straight channels 
9.2.1 Model used 
Initially, we simplified the problem by seĴing the maximum achievable fuel utilization 
with the minimum flow uniformity at the anode and cathode sides: 
 ?? ? ??????? ???? ???????
However, degradation starts before the species are lacking. So, in the current model, 
fuel utilization is also a decision variable and indicators of degradation are used as 
constraints: re-oxidation of the anode and formation of LZO/SZO at the cathode. 
9.2.2 Definition of the optimization problem 
The heights of the channels at the anode and at the cathode are simultaneously uncer-
tain variables and decision variables. 
The objectives are the system eﬃciency and a measure of compactness. Note that com-
pactness can also be seen as a kind of alias for specific power and specific cost. Indeed, 
here we consider a constant number of cells, having a constant area, with which we 
desire to achieve optimal performance, while making sure the design is robust to man-
ufacturing tolerances. We therefore look for a trade-oﬀ depending on the heights of the 
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channels. We define an indicator of compactness such that it takes values in ?????, 1 
being best: 
 ???????????? ?
?????? ? ?? ? ??
?????? ?
???????
The main decision variables are the heights of the channels at the anode ??? and at the 
cathode ??? . We impose the same nominal value for every channel of one side. We 
could also imagine to let the algorithm decide which nominal value is ideal for each 
channel. However, it would make the problem longer to run, especially for a large 
number of channels. Besides, it is cheaper to manufacture, and notably much easier to 
control the quality of a uniform design. The fuel utilization2 is also chosen by the opti-
mization algorithm, because it should be large for performance but is in principle con-
strained by the flow uniformity. 
The constraints are defined as described in § 9.3.1. In addition, the decision variables 
are bounded as shown in table 9.2, such as to limit the search space. 
?????????? ?????????????????????????????????????????????????????
????????? ???? ????? ?????
???????? ???? ???????? ??
???????? ?? ???????? ??
??? ???? ???? ??
????????????????????????????????????
 
The uncertain variables are the heights of the channels ? at anode ??????? and at cath-
ode ???????, i.e., two vectors. We make the following assumptions for all random varia-
bles: 
(5) They are independent and identically distributed (IID) random variables.  
(6) They follow a truncated normal distribution: 
(a) ??????? ??, with ????? ? ?? and ????? ? ????, 
??????? ? ? ????????????????? 
(b) Truncation at ????? ? ????? (yield ????? ) 
 
                                                     
2 Without recirculation. 
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A few points should be highlighted here. The value returned by the optimization algo-
rithm for the nominal design height is assigned to the mean of the distribution (for 
each electrode). So, the distribution may change every iteration. The recessed part is 
fundamental: each channel is aĴributed an IID random variables, so that their values 
are typically diﬀerent. Figure 9.2 is a schematization of the variability of the height of 
the channels, emphasizing that each channel is aĴributed a random variable (IID). This 
may seem trivial, but is actually at the core of the problem: first, it is especially under 
such circumstances that the flow uniformity can be severely impacted even with small 
variations. Second, in all tools tested, no option is available to implement this charac-
teristic, or at least not in a practical way for our context. It was hence necessary to write 
our own program in MATLAB. Last but not least, this characteristic leads to combina-
torial explosion, as discussed. The laĴer may explain its absence in tools I tested. 
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???????????????????????????????
???? ????? ??????? ????? ??? ???? ?????? ?? ???? ???? ??????????? ?????? ??? ????
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We use a truncated distribution for two reasons: It is an easy way to avoid the occur-
rence of unphysical situations (e.g., negative height) or other unexpected behaviour 
that the program cannot handle (limit crashes). It may also beĴer model the real-world, 
where the control of quality should eliminate any part beyond six sigma (when this 
criterion is used). 




???????? ????? ?? ???????? ??????????? ??????????? ? ?? ??? ??????????
????????? ??
 
We rely on Latin hypercube sampling (LHS) to draw samples. It is however adapted to a 
truncated normal distribution. The statistics are monitored to check their convergence. 
The number of samples are adjusted as necessary. It was found that ??? samples al-
ready provided a fair estimation in this case. 
The following procedure is useful to shorten the optimization under uncertainty: 
1) start with a deterministic optimization, 2) use a rough estimation of the statistics 
(low number of samples), 3) refine the solution with more samples when progressing 
towards the solution. 
9.2.3 Parameters and case studied 
Table 9.3 provides the operating conditions, figure 9.4 shows the eﬃciencies of system 
components and basic geometry features, and table 9.5 give the thermodynamic and 
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Non-ideal flow distribution puts a limit on the maximum achievable fuel utilization. 
Besides, maximization of fuel utilization is wished at low input of fuel flow rate (i.e., 
low achievable current densities). Otherwise, fuel utilization is not maximized because 
ohmic and polarization losses are the limiting factors. Therefore, we considered as a 
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9.2.4 Results 
1. Deterministic solution 
It is first interesting to look at the trade-oﬀ between system eﬃciency and compactness 
in figure 9.4. As can be seen, the compactness becomes “incompressible” with a sharp 
drop of the system eﬃciency, due in large part to the pressure drop increasing at the 
fourth power of the inverse of the hydraulic diameter, which is not compensated by a 
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potential beĴerment of the flow distribution (which would allow higher fuel utiliza-
tion). 
Since the channels are particularly short (????) in this example, the height of the chan-
nels can be very small (retaining a reasonable pressure drop). The deterministic opti-
mization solver hence converges to low values of ? to increase the flow uniformity. 
For this set of solutions, the values of the height of the anodic channels are close to the 
lower bound imposed: ?? ? ???????? ??????? ? . The height of the cathodic channels 
are a bit bigger due to a larger influence of pressure drops: ?? ? ??????? ?????? ?. It is 
obvious that these heights are smaller than the values used in practice. In fact, the 
heights found for the anodic channels are so small that a designer would probably 
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The fuel utilization chosen to maximize the system eﬃciency while satisfying the con-
straints always lies close to ?? ? ???? ? ?????. This particularly high value is only the-
oretically possible because of the almost perfect flow uniformity obtained thanks to the 
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Synthesis for the deterministic solution 
The optimal height of the channels is a trade-oﬀ between flow uniformity (thereby, 
achievable fuel utilization) and the penalty that pressure drop imposes on system eﬃ-
ciency. Note however that in this case, flow uniformity is only aﬀected by the nominal, 
assumed constant, heights of the channels, since they are deterministic. As expected, 
the solution is more sensitive to the height of cathodic channels than to that of anodic 
ones (higher penalty due to pressure drop). 
2. Stochastic solution 
An optimization procedure accounting for the many possibilities corresponding to the 
trade-oﬀ between compactness and system eﬃciency would have been too long. In-
stead, we decided to focus on one point: the objective is to maximize the minimum 
system eﬃciency, while satisfying the constraints. 
As expected, the optimal nominal heights of the channel are much bigger in this case, 
with ??? ?? ????? ?  and ??? ?? ????? ? . The compactness indicator therefore fall 
down to 0.54. According to figure 9.4, the corresponding system eﬃciency would be at 
least ???? ? ???? under the deterministic assumption. In the stochastic case, it is “only” 
???? ? ????, which is by the way a more realistic value. Also, the reachable fuel utiliza-
tion is lower with ?? ? ????? It however remains high. Furthermore, using the design 
of the deterministic solution in reality would certainly not allow to reach as high a 
value without risking severe degradation. This will be shown below. 
Synthesis for the stochastic solution 
The maximum eﬃciency is limited by the fuel utilization that is judged permissible 
without risking to severely degrade or even break the fuel cell, rather than by the pen-
alty on eﬃciency induced by increasing the pressure drop. Actually, the resulting pres-
sure drop (of the stochastic optimal solution) is smaller than it is for the deterministic 
optimum, since higher heights are requested to compensate for the dimensional toler-
ances. It is however important to note that, even without consideration of compactness, 
heights of the channels are limited for a given size of the manifolds3. Otherwise, a bad 
flow distribution is obtained regardless of the stochastic aspect. 
                                                     
3 Indeed, the upper bounds imposed to the heights were not reached (constraint not activated). 
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1. Non-robustness of the deterministic solution 
In reality, the solution (design) provided by the deterministic optimization is also sub-
ject to uncertainty. We therefore performed a post-quantification of the uncertainty 
from such a solution. For comparison reason, we chose a point on the Pareto curve with 
the same eﬃciency than obtained with the stochastic solution: so, ??? ? ?????, ??? ?
?????, and ?? ? ?????, which gave ???? ? ???? and a compactness ? ???? under the de-
terministic assumption. 
When propagating the uncertainties without changing the fuel utilization, two con-
straints regarding degradation are violated to a large margin: ???????? ? ????  and 
????????? ? ????. Furthermore, the index of flow uniformity is extremely low: ? ? ????. 
This explains the activation of degradation. So, to keep a safe operating condition with 
this design, the actual fuel utilization must be lowered to around ?? ? ???, obviously 
lowering the reachable electrical eﬃciency. Interestingly, in this situation, the system 
eﬃciency actually becomes negative, meaning that electrical power must be supplied 
to the compressor to compensate for the pressure drops, since the power produced by 
the fuel cell is not enough anymore. 
2. Further comparison between deterministic and stochastic cases 
In the light of the results above, we think that it is interesting and easier to illustrate a 
situation from an angle where the deterministic solution is obtained with less aggres-
sively low bounds on the height of the channels. One can see it as a case where an 
experienced designer chose bounds he believes are more reasonable. So we reuse here 
results from previous optimization runs. 
The results in figure 9.5 show that, at the optima, the deterministic eﬃciency is higher 
than the average from the stochastic result, and compactness is beĴer, too. However, 
when doing a post-quantification of uncertainty for the deterministic optimal solution, 
the eﬃciency is now lower, because it is limited by the fuel utilization achievable with-
out risking to severely degrade or even break the fuel cell. Therefore, under such man-
ufacturing variability — which is obviously identical, since it represents one reality — 
the trade-oﬀ is the following: is it worth sacrificing e.g. ???  of actual eﬃciency to have 
a fuel cell e.g. ???  more compact? The answer to this question depends on the partic-
ular industrial scenario (marketing strategy, resulting total cost of ownership, etc.). 
Note that this trade-oﬀ also has implications in terms of lifetime, since the rate of deg-
radation and risks increase when reaching higher fuel utilization with respect to the 
nominally “safe” determined one (which is not an on/oﬀ limit). 





9.2.5 Perspective for improvements 
Some possible ways of improvements are: 
? Apply RDO to a more detailed model and complex geometry; 
? Study the optimization of the topology: use discrete Boolean decision variables 
or a scenario-based approach. 
? Study epistemic and model-related uncertainties more closely; 
? Use discrete decision variables may be useful for manufacturability. 
9.3 Study of the effect of constrictions 
9.3.1 Introduction 
The following study was inspired by a technique used to stabilize and homogenize the 
flow field in heat sinks involving biphasic flows (e.g. at the laboratory of Prof. John 
Thome, LTCM at EPFL). The principle is to implement constrictions at the inlet of the 
channels [89,90]. The idea is depicted in figure 9.6. 
Its eﬀectiveness was demonstrated in the context of boiling flows, where the resulting 
quick expansion of volume is likely to happen asynchronously in channels. The conse-
quence is instability of the flow (oscillations): bubbles of gases tend to flow back up-
stream towards the manifold or plenum (i.e., where resistance is lower). With the con-
strictions, a large resistance is created upstream of the boiling flow, preventing 
backflow.  
Moreover, the large singular pressure drop that they create help to distribute uni-
formly even single-phase flows, as discussed before. Therefore, constrictions could be 
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useful in fuel cells, too. In the case of PEFC, they should probably be implemented at 
the outlet of the channels since the water vapour is condensing: we want to prevent 
backflows into the channels from the outlet manifold. Last but not least, the case of fuel 
cells is particular: in addition to possible changes of phase, a net sink (or source) of 
mass or mole exist depending on the type of fuel cells. 
 
 
??????????? ??????? ??? ?? ???? ? ??????????? ?????????????? ??? ???? ?????????? ??? ????
??????????
?
As already discussed, in a deterministic framework, the uniformity of the flow distri-
bution in the active zone typically increases along with the ratio of the resistance to 
flow in this zone over that in the manifolds. The resistance is lower with larger cross-
sections. However, too big manifolds are not desirable, because the size (and the cost) 
of the product must be kept reasonable. Conversely, too narrow internal geometries 
are not desirable in the active zones, for at least three reasons: 
? The global pressure drop should be kept as low as possible, to increase the ef-
ficiency at the level of the system (i.e., to reduce the energy that the compressor 
or the fan must supply). 
? The geometry should be relatively cheap to manufacture. For given dimen-
sional tolerances, smaller details typically increase the manufacturing cost4. 
? The negative effect of dimensional tolerances on flow uniformity increases rap-
idly with the reduction of the cross-section. 
                                                     
4 Even when the manufacturing process is not based on the removal of material by machining. 
?????????????
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The idea to implement constrictions then arises from the following observations: the 
resistance increases linearly with the length of a (long) channel, whereas it increases 
with about the fourth power of the inverse of the hydraulic diameter. Therefore, it is 
possible to obtain an adequate resistance by combining a long and relatively wide 
channel with a shorter and narrower channel. Besides, when a flow passes through a 
constriction, a singular pressure drop is created (energy is lost during the irreversible 
contraction/expansion phenomenon). 
Such constrictions could be useful under the following scenario (assumptions): 
(1) Manufacturing costs are lower for wider (long) channels with looser tolerances 
(because tolerances on wider channels can be slightly loosened without reduc-
ing flow uniformity); 
(2) It is manageable, and cost-effective, to manufacture accurate constrictions (i.e., 
narrower channels with tighter tolerances, but short); 
(3) The quality control is cheaper when only a local item is checked (higher quality 
required on a small part rather than lower quality required on a large part). 
 
The questions studied below are then: 
(1) How tight the tolerances on the constrictions can be? (What restrictions?) 
(2) Is there an optimal size (width, height, length) of the restrictions? 
(3) How loose the tolerances on the long channels can be? (What gain?) 
Indeed, constrictions have a positive eﬀect on the flow uniformity under a determinis-
tic assumption. But what happens when accounting for stochastic processes, e.g., di-
mensional tolerances? 
9.3.2 Example of application 
This study involved five main steps: 
(1) Creation of a parameterized ?? geometry of a Z-type design; 
(2) Computation of the solution for a baseline design; 
(3) Deterministic optimization (flow uniformity ; width of constrictions); 
(4) Uncertainty quantification of the deterministic optimum to assess the sensitiv-
ity of flow uniformity to the dimensional tolerances (Six Sigma Analysis). 
(5) Based on the results, look for an optimal trade-off. 
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We used ANSYS FLUENT as a flow solver and a mix of MATLAB and ANSYS 
DESIGNXPLORER  for the analyses. 
9.3.3 Deterministic solution 
Results show that the flow uniformity, under a deterministic assumption, would in-
crease monotonically with narrower constrictions. In that case, the only constraints 
would be 1) the also monotonically increasing pressure drop, and 2) the manufactura-
bility of such small width. This last point raises the question: “what accuracy is implied 
under the notion of manufacturability?” It naturally questions the deterministic assump-
tion; in other words, what happens when accounting for stochasticity? 
9.3.4 Stochastic solution 
As in § 9.2, we use a truncated normal distribution, with a standard deviation ? ?
????? on the dimensions. 
When considering stochastic processes, results show that the flow uniformity does not 
increase monotonically with the reduction of the constriction’s width. It increases and 
then decreases after some maximum. The increase of pressure drop may be limiting 
before reaching this optimum, depending on the particular fuel cell, so that the opti-
mum width to the global problem may be larger than the value at which flow uni-
formity is maximum. 
Remark: The sum of independent normally distributed random variables is again 
a normally distributed random variable, with the following properties: 
? ? ????? ???  ;  ? ? ????? ??? ; ? ? ? ? ? ; ? ? ???? ? ??? ????? 
 ???? ?? ???? ? ??? ? ??????????? ???????
where ?? is the coeﬃcient of (linear) correlation. The covariance matrix is 
used when there is more than two variables. 
Equation (9.13) shows interesting properties. When the random variables are uncorre-
lated, the total variance equals the sum of the variances. Also, the resulting variance is 
smaller than the sum of the variances when ?? ? ?. It shows a way to reduce the vari-
ance: make the variables negatively correlated. 
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9.3.5 Summary about constrictions 
Under deterministic conditions, constrictions increase flow uniformity. When account-
ing for variability of their dimensions, we observe that they may actually decrease flow 
uniformity. The point where the tendency inverses depends on the specific case: topol-
ogy, dimensions, and tolerances of the whole design, as well as flow conditions. How-
ever, for a given case, the optimal flow uniformity corresponds to a finite size of the 
constrictions.  
 
??????????? ????? ??????????? ???? ????????? ????? ??? ????????? ??? ???? ?????? ??? ????
?????????????????????????????????????????????????????
??? ??????????? ????? ????????? ????? ???? ??????? ?????????? ??????? ????
???? ??????????????????????????
 
Note that the pressure drop due to constrictions may become excessive before reaching 
that optimum, especially if tolerances are tight. In summary, constrictions is a good 
solution if certain conditions are met (scenario in § 9.3.1). 
Usually, the guideline to get uniform distribution is to design big manifolds with re-
spect to channels. However, when tolerances on narrow channels are loose, to a certain 
point, enlarging manifolds becomes useless: having a perfect distribution under a de-
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« La confiance est souvent une des formes  
de la paresse, car ajouter foi donne  
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Conclusions 
10.1 Overview 
All along these years of research, we have had the opportunity to witness in many 
respects how big a role uncertainties play. The focus of our study was on dimensional 
tolerances. It was a first occasion to test and show the usefulness of uncertainty quan-
tification in the context of fuel cells, and to apply robust design optimization. However, 
from the beginning, we believed that it could be applied more generally for the devel-
opment of robust fuel cell products. Meanwhile, other people get convinced, too. The 
involvement of SOLIDpower and EPFL (FUELMAT) in the PROSOFC1 European project 
[91] is certainly not a coincidence, and I am glad to see that fuel cell companies and 
research groups will continue to use UQ, OUU and similar tools with hopefully great 
successes. 
10.2 Methodological aspects 
10.2.1 Quantification of the uncertainty 
1. Inputs 
The characterization of the uncertainties proved to be challenging (get knowledge 
about the unknown). A suﬃcient number of samples were available to characterize 
with a good precision the statistical distribution of the dimensions of the channels of a 
used SOFC stack. However, according to us, the samples were not of suﬃcient quality 
to get accurate estimates. Unfortunately, the equipment available did not allow a beĴer 
                                                     
1 Production and reliability oriented SOFC cell and stack design. 
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quality when preparing these samples. A large diamond saw and an automated pro-
fessional polishing machine should provide for more reliable statistics in the future. 
Despite this issue, some valuable information could nonetheless be extracted. For in-
stance, the macroscopic bended and slanted shape of the elements in the stack was 
highlighted and quantified. Also, we could reasonably conclude that the dimensions 
of the channels are normally distributed, rather than significantly skewed, for instance. 
We therefore took the decision to keep on with this assumption, and to consider a range 
of possible manufacturing tolerances to generalize the approach. 
2. Outputs 
Similarly, no direct experimental measurement procedure was identified as able to 
provide accurate enough quantification of the flow distribution in the micro-channels 
in a stochastic framework (for validation). 
Nevertheless, we unexpectedly discovered an interesting way to relate the variability 
and the flow distribution in the channels. It consisted in measuring the length of fine 
layers of pollutants which have reacted at the boĴom of the channels and to compare 
that distribution with the profile of the channels measured with a laser in various con-
ditions (stamped, sintered, post-operation). The correlation between the profiles was 
significant. The method has several limits, though: a) it is intrusive, since the stack must 
be disassembled; b) it is indirect, since the pollutants may not accurately represent 
“tracers” of the flow rate. The advantage of the method is its simplicity and the poten-
tial for automation (laser and image recognition), which is crucial to collect many sam-
ples.  
10.2.2 Tractability and accuracy 
1. Modelling physics 
We have shown that reduced-order modelling such as ?? CFD does not seem a practi-
cal approach to carry out an optimization of the design (under uncertainty) spanning 
a large number of geometrical variables. Depending on the implementation, it is either 
intractable, or inaccurate. 
Using ?? porous-jump is very eﬀective to reduce the computational time of long chan-
nels. As a downside, the electrochemistry and heat transfer cannot then be solved sim-
ultaneously, hindering an accurate local prediction. 
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2. Modelling uncertainties 
Under laminar conditions and for parallel channels, it is more eﬃcient and as accurate 
to model dimensional variability by averaging it over the length of the channel. 
3. Uncertainty quantification 
Bootstrapping is helpful to reduce the number of samples drawn by providing a beĴer 
estimate of the MSE, online, which can be used as a stopping criteria. This information 
can be used to avoid naively choosing an arbitrarily large number of samples. Sam-
pling with LHS proved to be eﬃcient. However, using control variates is also a smart 
way to reduce the number of samples drawn, for a given accuracy. It is particularly 
useful in a context where the response is smooth over an interval of the random varia-
bles, and non-smooth elsewhere. 
4. Optimization 
Despite many trials, we observed that gradient-based solvers usually fail to converge 
to a reasonable optimum when uncertainty quantification is active (OUU). It suggests 
that the response is not smooth enough, with lots of small “waves” and as many ran-
dom local optima, also preventing the solver to get an accurate estimation of the gra-
dients. PaĴernsearch was more successful thanks to its derivative free solver. Probably 
due to its deterministic iterates, it was also faster than the multi-objective genetic algo-
rithm (stochastic iterates). However, it is troublesome to carry out a multi-objective 
optimization with a mono-objective solver. Weighing the objectives basically “drowns” 
useful information. Otherwise, Pareto fronts can also be constructed “manually” by 
considering one objective at a time, but such an approach is less convenient. 
Compared to a “random” initialization, it was usually eﬃcient to use a gradient-based 
solver such as fmincon to first find a deterministic optimum, then used as a starting 
point for the optimization under uncertainty (using then a derivative free solver). 
However, we realized that the deterministic optimal values were sometimes far from 
the robust ones, and our intuition could often provide for initial points closer to the 
solution. 
10.2.3 Applicability to industrial context 
The current model used to solve the robust optimization problem is fast enough to give 
relatively quick answers in an industrial context. However, the model is probably not 
complete enough yet to provide optimal points which can be used confidently. For 
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instance, the geometry considered for our OUU is simple in comparison to industrial 
cases. It is therefore more prudent to use it as an insight and guidelines giving tool. 
The issue is that a more complete problem would require too much time to provide for 
a solution in a fast-paced industry. Conversely, methods for uncertainty quantification 
which are more eﬃcient, but intrusive and sophisticated, do not seem ready yet to be 
used as a standard/common practice in an industrial context (and vice-versa). 
A middle-ground should be looked for. Maybe OPTISLANG oﬀers such a compromise. 
(Unfortunately, I have not yet had the chance to test this software.) 
10.3 General technical outcomes 
Guidelines for robust design are suggested in § 10.3.5. We expose here some general 
observations. 
10.3.1 Interaction between manifolds and active zone 
It is known that large manifolds with respect to the flow path in the active zone is 
beneficial. However, when accounting for tolerances, we observe that big manifolds 
— while not using space eﬃciently — is not either a suﬃcient condition. Indeed, if the 
tolerance is too large with respect to the smallest cross-section in the active zone, the 
real flow distribution will be severely impacted, irrespective of a perfect distribution 
in a deterministic case. 
Conversely, it is useless to target a near-zero tolerance if the manifolds are not designed 
appropriately, since they provide the “baseline” flow distribution. 
10.3.2 Implementation of constrictions  
As already shown by other authors, we indeed observe that constrictions in parallel 
channels are eﬀective to improve the flow uniformity, even with single phase flows. 
However, when accounting for uncertainties, we observe that flow uniformity de-
grades again when the constrictions become too thin with respect to its tolerance. A 
maximum can therefore be found. Of course, depending on the design, it is also prob-
able that the extra pressure drop caused by the constrictions becomes limiting for the 
system eﬃciency (compressor) before actually reaching that maximum. 
 10.3 General technical outcomes 
 ŬŰű 
Alternatively, designers could take advantage of the extra pressure drops to increase 
the cross-section of the channels, thereby keeping a reasonable pressure drop, and de-
creasing the sensitivity of the channels to tolerances (or allow less tight tolerances). Yet, 
this is not necessarily feasible in practice. Indeed, compared to the singular pressure 
drop created by the constriction, the necessary increase of the cross-section may be so 
big that the limiting factor becomes ohmic losses or diﬀusion losses (or both). 
In conclusion, whether constrictions are beneficial is design specific. When it is a good 
option, it is worth looking for a robust optimum. 
10.3.3 Redundancy – alternative pathways 
Like for transportation networks, it is helpful to provide alternative pathways in case 
a blockage occurs (a channel is obstructed, or smaller than designed). Regarding fuel 
cells, such solutions were implemented by many companies and research groups. It 
typically consists in a paĴern of interrupted channels, or staggered ribs, or honeycomb 
pins, etc. The diﬃculty is to produce these paĴerns in a reproducible and cost-eﬀective 
way. The tolerances that can be achieved when manufacturing such paĴerns are often 
poor (e.g., by stamping or ?? printing). Moreover, the shape and position of such small 
bits of interconnect are highly subject to variability and to heterogeneous compression 
(crushing). Lastly, while intersections upstream and downstream of an obstruction 
help to redistribute the flow, it cannot correct for a region fully obstructed (e.g., one 
interrupted channel narrower along its full length compared to others). 
Redundancy is nevertheless a desirable feature to help homogenize the flow, so that 
investigation should continue. 
10.3.4 Inertial effects 
We observed that inertial eﬀects, such as jets, are particularly unfavourable to a homo-
geneous distribution of the flow. Jets upstream of several inlets of channels are espe-
cially problematic and should be avoided by enlarging parts of the distributor provok-
ing such jets. Besides, such a measure is beneficial in many ways: a) it reduces the 
pressure drops in the distributor, b) thereby distributes the flow more homogeneously, 
c) lowers the overall pressure drop, and last but not least, d) reduces the sensitivity of 
that area to tolerances. A word of caution, though: enlarging such a zone too much 
may cause in turn sensitivity problems in case the “ceiling” of the cavity is not rigid 
enough and risk to make the height vary (e.g., GDL or membrane of a PEFC). 
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10.3.5 Summary of guidelines to design robust FDP 
Some of the following guidelines may already be known, especially by engineers who 
design FDP. We write all of them nonetheless, to give a reference as exhaustive as pos-
sible. 
(1) Make sure that the ratio of flow resistance is large between the manifolds and 
the lower-level branches of the distributors. A rule of thumb is a ratio of at 
least ??. Similarly, isobars should usually be as perpendicular as possible to 
the main flow direction. 
(2) Make sure that the variability of the cross-sections to flow is small relatively 
to their nominal dimensions. Either by acting on the variability, or by acting 
on the nominal dimensions. 
(3) Favour a design with “redundancy”, i.e., with alternative paths allowing flow 
to change of main paths. This should however not compromise the achieve-
ment of a repeatable, high-quality manufacture (low enough variability). 
(4) Avoid the formation of a jet upstream of a flow division, i.e., minimize the bulk 
velocity at the inlet of flow divisions. This point relates to (1). 
(5) A good compromise must be found for the width of the channels and for their 
spacing. Generally speaking, the spacing should be as thin as manufacture and 
mechanical strength allow2, to minimize diffusion losses. Channels should be 
narrow as well, to minimize ohmic losses and to take part in getting a re-
sistance to flow adequate for point (1); however, channels should be kept large 
enough to: 
(a) keep a low relative variability; 
(b) avoid higher resistance to flow than is beneficial (lower system efficiency 
not compensated by the gain on the flow distribution, or worse: flow distri-
bution deteriorates due to variability); 
(6) The smallest dimension of a cross-section is the limiting one for the flow re-
sistance and thereby also the most susceptible to be problematic regarding its 
variability. 
(a) It is the first dimension which a designer should increase when no other 
factors dictate otherwise. 
                                                     
2 In principle, too thin ribs acting as electrical connectors increase the ohmic losses. However, in our expe-
rience, manufacturability, cost, and strength, are problematic before such a limit is reached. 
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(b) The height of flow paths in fuel cells is generally subject to a greater varia-
bility than other dimensions (of paths), because it is determined by the as-
sembly with the GDL, or contacting layer, and the cell (i.e., different mate-
rials, flexibility, etc.). Besides, this height also depends on the force applied 
to the stack and on the resulting distribution of the contacting pressure. Last 
but not least, it is also often smaller than the width for various reasons (com-
pactness of stacks, cost of material, diffusion of species along gradients of 
concentration formed vertically, …). Hence, the height often has the largest 
relative variability, making it a key factor. 
(7) The flow paths lateral to the cell are often critical; they are closest to sealing 
material, are subject to less supply because of the boundary-layer forming in 
the manifolds and sometimes also because of configuration of the latter. More-
over, they are also closest to the external environment; they are therefore sub-
ject to heterogeneous fields “coming” from the boundary conditions. 
(8) End-of-pipe actions to correct for bad flow distribution should be avoided as much as 
possible. In particular: 
(a) Tiny, punctual solid parts should be avoided. They increase pressure drops 
and are often subject to high relative variability, making the design less ro-
bust, while also more complex and potentially more costly to manufacture. 
(9) A large aspect-ratio (length/width) of the active zone helps to get a uniform 
flow distribution for a given size of the manifolds, because the length of the 
manifolds (i.e., width of the cell) is reduced in comparison to the length of the 
channels (cell). From the viewpoint of compactness, this makes the design of 
manifolds more “efficient”. Besides, this also helps to get an adequate ratio of 
resistances to flow, without needing extremely narrow channels (more sensi-
tive to variability) 
(10) In accordance with point (9), it is beneficial to supply and evacuate fluid from 
each “lateral” side of the active zone (“H” configuration) when inlet or outlet 
cannot directly face the width of the cell. Indeed, this is equivalent to virtually 
split the flow rate into two “C” configurations, each having an effective aspect-
ratio twice as big as the real one. 
(a) For identical dimensions, the configurations which enable the best flow dis-
tribution are usually in order: ? ? ? ? ? ? ? ? ? ? ?. 
(11) Some geometrical elements, such as “tabs”, should be implemented to guar-
anty the best alignment of parts as possible. 
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(12) Make sure that the cavities where the fluid flows are kept free from any other 
material. In particular, grooves are advised to contain the sealing material, es-
pecially if it is subject to spread. 
(13) Although a fuel cell stack may be seen as essentially a pile of quasi bidimen-
sional elements, designers should not forget that their “playground” are com-
posed of three dimensions, even when leeway is narrow in one or another. 
(14) Since the main manifolds are most often directly formed by stacking the ele-
ments, their internal surface is potentially extremely rough. This should be 
taken into account because it dictates the flow regime into them. 
(15) From a modelling point of view, designers should be extremely careful when 
considering usage of ?? simulations. They can provide accurate enough re-
sults when tailored to a specific design (with ?? or experimental information), 
but hide lots of pitfalls when trying to generalize their application to explore 
different designs. 
10.4 Limitations and perspectives 
Although general conceptually, the scope of our research was narrowed down to make 
it tractable. The main limitations are then in the investigated cases (variables, geome-
tries) and in the level of detail and physical phenomena captured by the models. How-
ever, it should be noted that these improvements would be demanding in terms of 
computing resources, despite the eﬀorts to find solutions for a beĴer ratio “tractability 
over accuracy”. 
The recommended future directions of research are the following. Some of them are in 
line with the topics that the project PROSOFC will address. 
 
Methodology 
? In an academic context, use existing implementation of algorithms which build 
and validate a reduced model (meta-model) out of an original detailed model 
prior to the optimization, allowing minimal update calls to the original detailed 
model during optimization (e.g., see [92]). 
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? Investigate usability of OPTISLANG software, especially when interfacing other 
codes with ANSYS creates lots of overhead development. Consider using 
DAKOTA if the number of proprietary licences is a bottleneck.  
? Concerning projects joining academic research and industry, it seems crucial to 
have a tighter collaboration to exchange necessary information. 3 Notably, to 
better characterize the uncertain inputs, and reduce ambiguities and vague-
ness. 
? The manufacturer is in better position to provide the statistical data ex-
tracted from many manufactured parts and products. To use a systematic, 
well documented, and traceable approach is crucial, but not trivial. 
? Take advantage of increasing parallel capabilities and HPC resources. Monitor 
the advancement in the fields of computing with general purpose GPU. In prin-
ciple, it should be particularly efficient to solve combinatorial problems. 
 
Technology 
? UQ and OUU should be applied to the design of cells (material) and investiga-
tions should be conducted about the thermo-mechanics. From a fluidic point of 
view, a special interest would be the interactions between the fluid distribution 
pattern and the top surfaces. It would be useful to model the variability (e.g., 
due to creep, GDL crushing, etc.) in a predictive manner rather than a descrip-
tive one. 
? Investigate in more detail the role of (forced) turbulent regime: its effect on the 
sensitivity to geometric variability on flow uniformity. 
? Pursue investigations about the statistical (in)dependence of the uncertain in-
put variables. In particular, look at the effect of positively and negatively cor-
related variables, notably at the level of the stack. Depending on the results, 
look for particular manufacturing and assembly procedures which may reduce 
the sensitivity thanks to such a property (well-chosen dependence). 
 
 
                                                     
3 To achieve a successful “campaign” using UQ and OUU, I believe it is crucial that the company trusts 
the usefulness of such approach, has a desire to involve itself in the process, and allocates resources to it. 
Academic research cannot eﬀectively solve these problems for industry if this condition is not met. 
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10.5 Original contributions 
The main original contributions of this research is the application, for the first time to 
our best knowledge, of an optimization under uncertainty of the (geometric) design of 
the fluid distribution paĴern of fuel cell stacks. The OUU for the constrictions in flow 
channels may also be a first-of-a-kind.  
Although CFD software companies have now implemented tools to apply and manage 
such kind of procedures, at the level of the geometry and mesh, such features were inex-
istent when we started our research, or at least not in a convincing way regarding 
ANSYS for instance — in terms of reliability, reproducibility, speed, etc. (these issues 
did not completely disappear). When in September 2014 I aĴended the Lecture Series 
of the Von Kármán Institute on UQ in CFD, developers at NUMECA (??? CFD company) 
were still finalizing their implementation and presented their progress about auto-
matic (hexa) mesh adaptation in the context of OUU [93]. 
10.6 Direct improvement and transfer to the industry 
Part of the eﬀorts in this research were focused on finding ways to solve the many 
challenges faced for performing an OUU of the design of fuel cells. So, we needed sim-
ple cases to develop and test our ideas, models and codes. Nevertheless, with simula-
tions and general knowledge acquired during our investigations, we managed to pro-
vide direct improvements and inputs for the industrial designs of our partners.  
The flow uniformity in the bipolar plates of a PEFC stack was improved by ca. ???? . 
The flow uniformity of the distribution paĴern of a predecessor SOFC design was im-
proved by ca. ???? . In both cases, we strived to improve the flow distribution with 
robustness in mind. For instance, “end-of-pipe” measures were eliminated and we 
took advantage of as much of the space available (restricted by external constraints) to 
enlarge flow paths in distributor zones. 
Last but not least, a new SOFC design took birth, partly thanks to the insights provided 
by our studies of dimensional tolerances (notably [82]) and by numerous simulations 
and incremental improvements of a new concept. The qualities of this design are high-
lighted by a research paper, which can be found in Appendix A: High-performance 
SOFC stacks tested under diﬀerent reformate compositions. To our best knowledge, a world-
record may have been broken with this concept (see text), and it is still giving regular 
pleasant “surprise”. 
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10.7 Afterword 
Certainly, my interest in uncertainties and my decision to study them in a thesis did 
not happen by chance. Like many people, and despite being very curious, I naturally 
tend to avoid uncertainties and “the unknown”; because as Rory Sutherland said: “We 
don’t like uncertainty.” [1] (see Foreword). The fact that I involved myself in such a thesis 
may then look paradoxical. A wish to beĴer understand how to get control over un-
certainties, or get rid of them, is probably part of the explanation.  
Yet, I made an interesting discovery when growing with this thesis: to accept uncer-
tainties, to get to learn them, to be able to beĴer “play” with them, is often more produc-
tive than to forcibly reduce potentially irreducible uncertainties at all cost, without 
looking more “pacific” means. According to Abraham Lincoln, “the best way to destroy 
an enemy is to make him a friend.” This advice certainly applies to uncertainties, too. I 
cannot say (yet) that uncertainties became my buddies… But I happen to present them 
or speak about them to my acquaintances. So now I’m confused: I certainly don’t like 
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Outcome from industrial stack tests 
This appendix serves to give beĴer insights about the improvements which 
were made on the lifetime1, the performance, and the cost2 of fuel cell stacks, by applying 
some of the methods and recommendations described in this document. As we dis-
cussed in early chapters, to our knowledge, no direct and eﬀective means exists to val-
idate without doubt the influence of decisions for robust design on the flow distribu-
tion, in a stochastic framework. However, we believe that the following material is a 
fair proof that “it actually works”. 
This material is from a paper published as co-author at the European Fuel Cell Forum 
in Lucerne, 2014; the lead author is Zacharie Wuillemin [7]. 
Credits for the text and images are essentially due to Zacharie Wuillemin. Many thanks 
Zacharie! Any mistake in the reproduction is mine. Some adaptations were made for consistency 
with the rest of the document. 
A.1 High-performance SOFC stacks tested under 
different reformate compositions 
Abstract 
In the past years, HTceramix SA – SOFCpower has developed with its partners an in-
novative stack design, optimized for high electrical eﬃciencies and low manufacturing 
costs. Using CFD models coupled with an optimization algorithm based on Monte-
                                                     
1 High fuel utilization stress-test, durability test, and thermal cycling allowed to assess the improvements 
of the lifetime. 
2 We apologize that we cannot disclose actual number. As stated in the article, our partner could reduce 
production cost by using a design robust to dimensional uncertainties. Also, since more products pass the 
controls of quality, the yield is increased, reducing the eﬀective manufacturing cost. 
Appendix A — Outcome from industrial stack tests 
ŬűŰ 
Carlo simulations, the quality of diﬀerent fuel distribution paĴerns was tested ab ini-
tio, allowing developing a design having an excellent distribution of gases, compatible 
with the manufacturing tolerances of low-cost, mass-production fabrication methods. 
Testing short stacks, electrical eﬃciencies as high as ???  (LHV) have been demon-
strated using steam-reformed methane as fuel, while converting more than ???  of the 
fuel in a single-pass. With hydrogen, eﬃciencies slightly above ???  (LHV) have been 
aĴained at ???  of fuel utilization, almost reaching the theoretical maximum eﬃciency 
for single-pass flows. Not only short stacks, but also complete units have been shown 
to operate at over ???  of fuel utilization for an electrical power of ????, hence prov-
ing the quality of the internal gas distribution and the validity of the concept. 
In this paper, performance maps are presented for this new family of stacks, for diﬀer-
ent fuels, reformate compositions, and pre-reforming ratios. 
Introduction 
Since 2007, SOFCpower develops and manufactures SOFC-based stacks and (co)- gen-
erators based on its proprietary Gen-II anode supported cells. The company includes 
in its product portfolio ? and ?????? electric micro-CHP appliances designed for the 
residential and commercial market and is capable of providing also stack modules of 
diﬀerent sizes for other applications, including High Temperature Electrolysers, oﬀ-
grid generators and biogas/syngas fuelled systems. To cover this wide range of poten-
tial products having each diﬀerent constraints, the stack has to oﬀer excellent charac-
teristics in terms of electrical eﬃciency and reliability of operation, as well as in terms 
of cost. 
As it is strongly dependent on the homogeneity of the fuel distribution in the stack, a 
high electrical eﬃciency is most often synonym of severe production tolerances for the 
fuel distribution channels, and therefore of high manufacturing costs. Unless a way 
can be found to reduce the tolerance requirements, but without compromise on the 
quality of the fuel distribution. 
Using a Design for Manufacturing (DFM) approach and with the help of advanced 
modelling tools, HTceramix SA – SOFCpower has developed a completely new stack 
concept that demonstrates today higher performance and reliability, as well as the po-
tential for a drastic reduction of production costs. 
In early 2013 the stack has been transferred to the pilot production and has been inte-
grated in the EnGen-2500™ cogenerators to be installed in field tests. 
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Stack design 
The stack is based on metallic casseĴes including a proprietary fuel distribution struc-
ture enabling a very homogenous distribution of fuel inside and among the repeat el-
ements, and therefore reliable operation of the stack at high fuel utilization (FU). This 
structure was optimized by modelling the eﬀect of random geometric deformations 
— corresponding to typical fabrication tolerances — on the flow distribution [82]. The 






The number of repeat elements can be varied from ?? to ?? depending on the final ap-
plication. Two stack platforms have been developed, one with an active area of ?????? 
in replacement of previous products, and a new one with an increased active area of 
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?????? that serves as basis for the new products. Standard ?????? anode-supported 




A typical performance map for a stack of ? elements is shown in Figure A.2. The map 
synthesizes the experimental results obtained in a series of IV curves performed at dif-
ferent fuel flow rates, for constant thermal boundary conditions. 
Operated with a mixture of ???  ?? and ???  ?? to simulate CPOX conditions, the 
stack is able to convert more than ???  of the fuel in a wide range of fuel flow rates. 
With a stack outlet temperature fixed at ????  , the maximum electrical eﬃciency 
achieved in such conditions is slightly above ???   (LHV) for a power density of 
????? ???? and a fuel utilization of ??? . The specific fuel flow rate for such condi-
tions is ????????????? (standard millilitre per minute and per ???). 
At a nominal power density of ????? ????, the maximum achievable electrical eﬃ-
ciency is ???  using hydrogen as fuel (LHV), ???  for a fuel utilization of ???  that 
corresponds to the nominal case for SOFCpower’s micro-CHP applications. 
Comparable results are obtained on full-scale stacks, with in particular the capability 
to operate at high fuel utilization, as depicted in Figure A.2. The marks (?) represent 
points tested with stacks having between ?? and ?? elements. The large stacks are 
tested with ????????? of air and the same mixture as above (???  ?? and ???  ??), in 
a furnace heated at ????  . The air outlet temperature is fixed at ????  . At 
??? ????? ????   of ?? and ???   FU, the tested stack achieved a power density of 
????? ???? and an electrical eﬃciency of ??? . At ??? ????? ????  and ???  FU, it was 
????? ???? for ???  eﬃciency. Finally, at ??? ????? ????  of ?? and ???  FU, an eﬃ-
ciency of ???  was reached at ????? ????. A corresponding typical IV curve is shown 
in Figure A.3, obtained on a stack of ?? elements. At ???  of fuel utilization, the poten-
tials remain well grouped. The onset of the potential inflexion at high fuel utilization 
is homogenous among the ?? elements, indicating the absence of any significant devi-
ation of fuel supply. 
For the three diﬀerent cases mentioned here, the eﬃciencies and power densities are 
the same as in short stack configuration (see Figure A.2). 







Single-pass conversion efficiency 
The ???  electrical eﬃciency measured at part load with short stacks is very close to 
the maximum achievable electrical eﬃciency for this fuel mixture and when operating 
in single pass fuel flow, i.e. if the cell potential would equal the fuel outlet’s Nernst 
potential of an ideally-constructed repeat element (Nernst potential pinch). 
This situation can be found in Figure A.4, for a short stack supplied with 
??? ????? ????  hydrogen. The Nernst potential of the gas mixture leaving the stack is 
computed as function of the fuel utilization and temperature. At ???? , the maximum 
electrical eﬃciency reachable in such conditions would be ?????  (air-excess ratio of 
??). The measured cell voltage follows closely the Nernst potential, without increasing 
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diﬀerence towards high fuel utilizations, depicting a Nernst potential pinch situation. 
At a fuel utilization of ??? , a maximum eﬃciency of ?????  was reached, for a cell 
voltage of ???? ? and a theoretical Nernst potential of ???? ? (pinch of ??? ?). 
 
 




For any stack, this indicator is a function of the maximum achievable fuel utilization 
— hence of the homogeneity of the reactant supply — and of the ohmic and polariza-
tion losses. 
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??????????? ??????? ?????????? ??? ???? ?????? ??????? ???? ????????? ?????? ?????????
???????????????????????????????????? ????????????????????????????
???? ? ???? ?? ????????? ????? ????? ????? ? ??? ? ????? ???? ?? ?????????? ???
??? ???????????
 
With a value of ????? , the stack performance is therefore not any more limited by the 
ohmic and polarization losses, but solely by the decrease of Nernst potential along the 
fuel flow. With a pinch of ??? ? at a fuel utilization of ???  percent, the homogeneity 
of the fuel flow among and within the repeat elements can therefore be estimated to be 
excellent. 
For higher power densities and lower temperatures, the maximum single-pass conver-
sion eﬃciency decreases, as shown in Figure A.5. In each case, the maximum stack ef-
ficiency was measured above ???  of fuel utilization. At the lowest fuel flow rates, the 
conversion eﬃciency tends to a common value higher than ???  independently of the 
temperature, hence showing the presence of the Nernst potential pinch. At higher fuel 
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flow rates, the single-pass conversion eﬃciency becomes limited by the ohmic and po-
larization losses. 
The large stacks, whose results are summarized above, present similar results. At spe-
cific flow rates of ?? of ????? ???? ???????? ????? ????  , the recorded maximum single-
pass conversion eﬃciencies are respectively ???  , ???  and ???  . In that case, the 
stacks were operated at slightly lower fuel utilizations (? ??? ) to prevent any poten-
tial damage to the costly prototypes. Nevertheless, the ???  achieved at part load for 







Using steam-reformed natural gas as fuel, correspondingly high electrical eﬃciencies 
can be achieved, as shown in Figure A.6. The data is obtained from short stack tested 
in a furnace at ???? . Part of the reforming reaction was performed upstream of the 
stack in a reformer. The ratio of stack-internal to total reforming was varied in a range 
from ???  to ???  by controlling the temperature of the reactor. 
 




? ? ???? ????????????????????????????????? ??▼????????? ??▲??????? ???




Contrarily to the results shown for hydrogen, the stack was operated here in counter-
flow arrangement, the air inlet temperature being ????  and its outlet around ???? . 
The steam-to-carbon ratio was ???. 
A maximum electrical eﬃciency of ???  was reached at ???  of fuel utilization, for a 
current density of ??????????  and a power density of ?????????? . To our best 
knowledge, such high eﬃciency for single pass operation has not been reported so far. 
With a maximum theoretical single-pass eﬃciency of ???  for these testing conditions, 
the stack reached again a max. single-loop conversion eﬃciency of ????? , similarly to 
the hydrogen case reported above. 
In this short stack configuration, the impact of the internal reforming reaction remains 
noticeably limited, the diﬀerence in eﬃciency being in the range of ??  for an internal 
reforming varied from ???  to ??? . This is of interest for systems where a large ratio 
of internal reforming is advantageous. At a nominal current density of ?????????, the 
electrical eﬃciency is ???  for ???  of fuel utilization, and up to ???  at ???  FU. 
Similarly to the hydrogen case, the scale-up to full-scale stack doesn’t add much limi-
tation. Tested in a ??????  micro-CHP system, the two stacks operated in parallel 
reached ?????  , respectively ?????   at ??????  each (together ?????  , ????  total), 
their eﬃciency being ?????   and ?????  . This corresponds to a current density of 
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?????????? and a fuel utilization of ??? . The homogeneity of performance among the 
two stacks operated with a common air and fuel supply is an encouraging result. At 
the corresponding operating point (see Figure A.6), the short stack aĴained an eﬃ-
ciency of ??? , however for diﬀerent thermal boundary conditions. 
Durability and stress tests 
High fuel utilization stress-test 
The capability to operate at high fuel utilization is of interest only if such conditions 
can be maintained for long periods without damage to the stack. In the frame of the 






The result of such an experiment, performed at EPFL, is shown in Figure A.7. A single 
repeat unit was submiĴed for periods of more than ?? hours to increasing fuel utiliza-
tions, at a constant current density of ?????????. A fuel utilization of????  was main-
tained for ?? hours without damage. Some oscillations of potential were recorded, re-
sulting from condensing oﬀ-gas in the piping. Returning back to a fuel utilization of 
??? , the element recovered its earlier performance (??? ?). This test will be repeated 
at full-scale in near future. 
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Durability tests 
With the introduction of this new stack technology, new degradation tests were started 
for validation. The results of an ongoing test are shown in Figure A.8, operated at a 
fuel utilization of ???  with a fuel mixture of ???  ?? and ???  ?? . In the initial 
???????, the average degradation rate was less than ?????  per thousand hours. After 
an unwanted thermal cycle, during which the stack lost ??  of performance, the deg-
radation rate increased to an average of ???? ???. 
 
??????????? ?????????? ?????? ??? ?? ?????? ??????? ?????? ???????????????????? ? ???? ??
???????????????? ???????????
 
The objective being to maintain degradation rates below ???? ???, more detailed stud-
ies are ongoing to investigate the principal degradation mechanisms. These studies are 
mainly based on localized measurements made in a segmented repeat element that 
give spatial information about the degradation of the individual electrochemical pro-
cesses. Details can be found in [12,94,95]. 
Thermal cycling 
Thermal cycling tests are currently ongoing in simulated system start-up/shut-down 
conditions. An example is given below for a stack of ? elements (active area of ??????) 
operated with steam-reformed methane. The thermal cycles are performed between 
????  and ???? , without use of protective gas. The eﬀect on the stack OCV and full-
load voltage are shown in Figure A.9, up to now for ?? thermal cycles. 
In average, the OCV decreases by ???? ? per thermal cycle, indicating that the seals do 
not suﬀer too much from cycling. Similarly, the potential recorded here at ?????????? 
(???  FU) decreases in average by ???? ? per cycle, which corresponds to less than 
????  of performance loss per cycle. As shown in Figure A.10, the initial eﬃciency of 
???  decreased after the ?? cycles to ???  (average ????? ), for corresponding power 
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densities of ???? and ????? ???? (??? to ???? ). This is in line with the expectation 
for system operation, even if it needs to be reproduced for the more complex thermos-
mechanics of a full-scale stack. 
 
 









With this new stack technology, SOFCpower – HTceramix SA has developed a plat-
form suitable for a wide range of applications. The very high maximum single-loop 
conversion eﬃciency demonstrated for diﬀerent fuels, and possibly reaching one rec-
ord in electrical eﬃciency, opens today new perspectives of application. 
With its low cost and the possibility for further scale-up, this technology seems to be 
well adapted for the emerging SOFC market. 
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Additional formulas 
B.1 Generalities and definitions 




The molar flow rate of fuel for one cell can be derived from Faraday’s law of electrol-
ysis: 
 ? ? ??? ? ? ? ???????




Definition of the molar mass for species ?:  
?? ? ??? ? 








The fuel-excess ratio ?? is simply the inverse of the fuel utilization:  
Definition of air-excess ratio (? ? ? corresponds to stoichiometry): 
In SOFC, typical values of ?? are in the interval [4 ; 8] to evacuate the heat generated in 
the stack, thereby smoothing thermal gradients. Homogeneous temperature is desira-
ble for thermo-structural reason and because local performance of the fuel cell is highly 
dependent on the temperature. 
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The following relations will be used in the next developments: 
Stoichiometric (st) and consumed (c) are not interchangeable terms. 
?????? ? ????? ? ???? ? ????,  with ? for consumed and ? for produced species ? 
Fuel utilization ??:  ????? ? ??? ?????  
Air-excess ratio ??:   ?????? ? ??? ?????  
Molar fractions ???:  ???? ? ????? ????? ??????? ? ???? ? ????????? ? ???? ????????????? 
??? ? ?????? ?
?? ?
?? ???  
 ????
? ? ???? ???? ??? ??????




The air flow rate is linked to the fuel flow rate through the stoichiometry of the oxida-
tion reaction. Since ?? ??? ? ? ???, the stoichiometric molar flow rate of oxygen is: 
 ????








Mass flow rate of air: 




 ???? ?? ???? ??? ? ???????
Reactions 
The stoichiometric coeﬃcients are determined by writing the redox reactions: 
The number of electrons that are exchanged are determined by writing the half-reac-
tions. For the case of methane, they are: 
??? ? ? ? ?? ? ? ????  and  ???? ? ???? ? ?? ??? 
? “Water-gas-shift”:  ?? ? ???? ?? ? ??? 
? Methane steam reforming: ??? ? ?? ?? ? ?? ? ? ??? 
The reforming of 1 mole of methane with 2 mole of steam produces 4 moles of hydro-
gen and 1 mole of carbon dioxide. Therefore, even a small molar fraction of methane 
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can modify sensibly the resulting molar fractions of steam and hydrogen. Assuming 
these reactions are at equilibrium, the resulting values can be computed using the equi-
librium-constant (depending on temperature). 
Heating power contained in (or conveyed by) the fuel flow rate: 
 ?? ?? ? ??????
?? ????????? ? ?????? ??????? ? ????????
Standard redox potential 
Standard redox potential ?????  = potential diﬀerence between both electrodes where 
each chemical participating in the reaction is considered at its reference standard 
state (?).1 Therefore, it does not account for specific concentrations, which typically oc-
cur when the fuel cell works (net external electrical current). 
The standard redox potential does not take into account the concentration of gases, since it 
is determined for unit concentration. 
Standard redox potential as function of temperature: 





The relation between the standard redox potential ?? and thermodynamics is:2 
 ???????
? ? ???? ?????? ? ????????
Gibbs free enthalpy-change 
The standard molar Gibbs free enthalpy-change of reaction ????? is given by the fun-
damental relation: 
 ????
???? ? ???????? ? ??????????? ????????
 
                                                     
1 Although standard state is often marked with (0) for convenience, the original symbol ? is purposefully 
used here to highlight the non-zero nature of standard state. 
2 This relation holds in non-standard conditions, too: ???? ? ???? ?? ? ????? ? ?????????. 
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The enthalpies (????) and entropies (????) of a reaction are determined thanks to the 
Hess’ law, using the enthalpies of formation, ????? , respectively entropies (???), of the k 
reactants and products. This law holds true for standard or non-standard states, as 
long as state is consistent. 
Hess’ law (to compute enthalpies and entropies of reaction) 
 
???? ?? ????????? ?? ??????
??? ? ????????
for a reaction such as:  
 
?????????????? ?? ???????????? ? ????????
The validity of this law extends to both ???? and ????. 
As long as no phase change occurs, the dependence of?????? and???????with tempera-
ture is usually relatively low compared to the (direct) linear dependence of ????? with 












Integrating this relation gives: 
 ?
???? ? ?????? ?
??????
?? ?????
?? ? ????? ?
????????? ? ????????? ??? ? ?????
??? ?
????????
In case more exact values are necessary, we use Kirchoﬀ’s law: 
 
?????????
?? ? ???? ????
????????
It can be decomposed to integrate the heat-capacities for individual compounds. 
???? ??? from tables of reference [NIST] (polynomials). 
Over the interval [25 ; 1000] °C, both methane- and hydrogen-oxidations are exother-
mic, since ???? ? ?. Both oxidations are also spontaneous over this interval, though the 
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spontaneity decreases for ?? as temperature increases. This corresponds to the de-
crease of standard redox potential. 
Standard state 
Basically, the standard state (?) of any chemical is defined as the (hypothetical) state it 
would have at the standard pressure p? or unit concentration (?????  or ?? ????  or 
?? ?????, though conceptually, any value could be used). The standard state should 
not be confused with standard temperature and pressure for gases, even though the 
operating conditions under which data are tabulated for standard state may corre-
spond to them. 
Indeed, standard state apply to any temperature. Hence, the sign for standard (?) should 
not be confused with a degree sign or ?? . It should also be noted that the standard 
state of a substance may not exist in nature. 
Non-standard state 
Since a standard state is defined under specific conditions, related properties are usu-
ally invalid when concentrations are non-standard (or partial pressures for gases). A 
function of the reaction’s quotient ?? is used to treat these cases. 
In case reactants are diluted, then they are not any more at standard state. As a conse-
quence, there exist a gradient of concentration. In that case, the electrochemical poten-
tial of the reaction is a function of the concentration, through the term ??? ?????? ?
???? ?. 
Redox potential: the equation of Nernst 
 ???? ??? ? ?




The redox potential is computed thanks to Nernst’s equation, which account for the 
gases’ composition and pressure. 














? ???? ?????????? ?
??
?
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With ? and ? the index of respectively the products and reactants, ? their activity, ? 
their stoichiometric coeﬃcient, and ???????? the pressure of the mixture to which spe-
cies ? belongs, so that ??? ? ???????????. For gases, activities are equivalent to the partial 
pressures with respect to the standard pressure, which in their turn can be wriĴen in 
function of molar fractions. 
B.2 Solid-oxide fuel cell (SOFC) 
The operating pressure ?? in both the anodic and cathodic compartments is atmos-
pheric pressure ??????? in our case. Furthermore, the eﬀect of the relatively small 
change of pressure along the cell on the thermodynamic properties may be assumed 
negligible, so that they can be evaluated at a constant pressure. The standard pressure 
?? corresponding to the data is3 ????? ? ?????. Therefore, the pressure of the mixes 
has no additional eﬀect with respect to the standard pressure. Only the molar fractions 
(partial pressures) enter into considerations. 












?? ? ???????????? ? ???? ? ??????? ?
????? ????????
This quotient of the reaction is defined according to the local concentrations. The molar 
fraction of oxygen was computed assuming that its consumption is “synchronous” 
with that of hydrogen, i.e., air and fuel flow in the same direction (co-flow configura-
tion). 
The expression of the redox potential can therefore be computed as a function of the 
fuel utilization. 
















                                                     
3 From 1982, IUPAC recommends using a standard pressure of 1 bar. The previous value of 1 atm is how-
ever still used by several other organisms (e.g., NIST). In practice, this makes liĴle diﬀerence. 
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Molar fraction at anode 
Numerators and denominators can be expressed in function of the hydrogen injected, 
so that it cancels. This quantity will therefore be considered known (constant) in the 
next reasoning. 
Generally speaking, the molar fractions of hydrogen and steam are, respectively: 
?????? ?
?? ??
????  and ?????




According to the electrochemical reaction, for ? mole of hydrogen consumed, ? mole 
of steam is produced; besides, steam is generated at the anode for SOFCs. So, the molar 
rate at anode remains constant in SOFCs. 
In addition, the molar fraction of steam can be obtained knowing that of hydrogen, 
since both must sum to unity. It is therefore only necessary to express the flow rate of 
hydrogen as a function of the fuel utilization, which is simply the amount of hydrogen 
injected minus the hydrogen that is consumed at (or up to) that fuel utilization: 
???????? ? ?????? ? ????? ???? ? ?????? ? ??? ?????  
 






?? ???????? ? ??? ????? ?
??????
? ????
?? ? ????? ??? ? ???
??????





?????? ? ??? ?????
????
? ??????? ? ?????? ??? 
?????? ? ?????? ? ??? 
Molar fractions at cathode 




?? ???  with ???? ? ????
?? ? ?????  and ????? ? ??????? ? ????? ? ??? 
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The molar rate at cathode decreases in SOFCs since steam is produced at anode. It however 
decreases at a relatively slow rate, since: a) only ? mole of ?? is consumed for ? mole 
of ???; b) ?? is diluted around five-fold in air; and c) the air-excess ratio is usually 
large in SOFCs ?? ? ???? ???. 
Using the previous expressions, the molar flow rate of oxygen for a given fuel utiliza-
tion becomes: 
???????? ? ?????? ????? ? ??????? ????? ? ???? ????? ??? ? ??? 











So that the total (i.e., of mix) molar flow rate at the cathode for a given fuel utilization 
becomes: 
????? ? ??????? ? ????? ?
?????? ?????
????
? ??????? ????? ?
???? ????? ??? ? ????????
????
 
Finally, an expression independent of flow rate is found for the molar fraction of oxy-
gen: 
??????????? ?
???? ????? ???????? ? ???
???? ????? ??? ? ????????
? ??????? ? ???? ? ???????
 
If the consumption of oxygen is neglected in the expression of ????? then it becomes: 
??????????? ?
??????? ? ???




At low fuel utilization and/or high air-excess ratio, the consumption of oxygen is neg-
ligible relative to the amount injected. But for, e.g., ?? ? ??? and ? ? ?, the residual ox-
ygen is ?????  from an initial ???  (the approximation above gives ????? ). 
 
Observations: 
? The changes in the molar fraction of oxygen is small with respect to the changes 
in the molar fractions of hydrogen and steam ????.  
? At high fuel utilization, the (Nernst) redox potential is significantly lower than 
the standard redox potential (e.g., ???  at ?? ? ??? ) 
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? However, the redox potential can actually also take bigger values than the 
standard redox potential. 
Nernst’s equation as expressed above is valid for any physical value of its terms, except 
for ? ? ?. It shows limit at extreme values (? ? ?, ? ? ?, ?? ? ?, ?? ? ?, ???? ? ?), though 
these are actual physical limits. It is indefinite for ?? ? ?. 
B.3 Performance 
Local Nernst (redox) potential 
The redox potential ? computed above is in fact not exactly ?????; since it corresponds 
to the concentrations at inlet, it is the redox potential of the electrode at inlet. 
Nernst potential of the cell 
A beĴer estimation of the Nernst potential of the cell, ?????, can be approximated as the 




This approximation is equivalent to assuming the current density (so the rates of mass-
transfer) is constant along the cell. The best is to compute the integral over the cell. 
Cell voltage 
Nernst’s equation is not valid (suﬃcient) to compute the cell voltage. The cell voltage 
equals the redox potential ? when no electrical current is drawn from the cell (open 
circuit voltage, OCV). As soon as an electrical current is drawn from the cell, various 
losses of potential arise (e.g., ohmic loss ????), lowering the cell voltage. 
Operating voltage of the cell 
The operating voltage of the cell corresponds to the (Nernst) redox potential of the cell, 
?????, minus the ohmic and non-ohmic losses (i.e., voltage drops, or overpotentials): 
????? ? ????? ? ?????? ? ?????????? 
?????? ? ? ? ?????????????? 
Appendix B — Additional formulas 
ŬųŰ 
Overpotential (losses) 
Losses of potential increase sharply at high fuel utilization, leading to lower power and 
eﬃciency. Besides, a fuel cell product is not an ideal reactor with homogeneous reac-
tions: locally, the fuel utilization can be bigger than the average fuel utilization, leading 
as a consequence to local fuel starvation and re-oxidation (i.e., degradation) of the cell. 
Concentration overpotential account for drop of potential due to concentration-gradi-
ents and related eﬀects (dilution, diﬀusion …). At a given location, the term 
??? ?????? ????? ? allows to estimate the diﬀerence of potential due to concentration. 
Yet, in practice, the knowledge of the species-concentration at the triple-phase bound-
ary depends on several factors not taken into consideration here. They relate to mass 
transfers by diﬀusion in porous media and by advection-diﬀusion in the bulk media. 
Ohmic losses of potential 
Thermal power dissipated by Joule eﬀect = dissipation rate of ohmic losses: ??????? 
The ohmic loss within the electrolyte depends on its resistance to electrical current (flow 
of charge). The electrical resistance [ohm, ?] is the inverse of electrical conductance 
[siemens, ? ? ??? ]. Similarly, resistivity ?  ??????  is the inverse of conductivity ? 
??????. The electrical resistance ? of a conductor (or resistor) of resistivity ?, length ?, 
and cross-surface ?, is given by ? ? ????S. 
For a unit surface, the electrical resistance of the electrolyte is then ??? ? ??? ???????. 
Here, the length ? corresponds to the thickness of the electrolyte. 
Voltage and current of the stack 
Cells are connected in series. Therefore, the voltage of the stack is the sum of each cell’s 
voltage, whereas the current is the same for every cell (which is also the current of the 
stack). The average voltage of one cell is hence ?????? ? ????????? 
Electrical power 
The electrical power delivered by the stack:  ??????????? ? ????????? ? ??????? ?????? 
Current density:  ? ? ??????? 
Power density:  ?? ?? ? ?????????????? ? ???????????? ? ???????? 
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Glossary & index 
This thesis deals with uncertainties. Those arising from (mis)communication 
obviously also propagate in the knowledge acquisition, and hence in research & devel-
opment based on it. So, it seems important and appropriate to make a particular eﬀort 
in this document to specify the definition associated to words of jargon and to use them 
as consistently as possible.  
Unfortunately, some of these words are often used with loose, diﬀerent, or even con-
flicting definitions in the scientific community. Sometimes, a consensus is not even 
reached about their meaning in a specific field: e.g., what is robust optimization in the 
context of operational research? A particular method, or any optimization to improve 
some measure of robustness? Robust has slightly diﬀerent meanings when used in the 
following contexts, although they are all technical/scientific: [Wiktionary]. 
? (Systems engineering) Designed or evolved in such a way as to be resistant to 
total failure despite partial damage.  
? (Software engineering) Resistant or impervious to failure regardless of user in-
put or unexpected conditions.  
? (Statistics) Not greatly influenced by errors in assumptions about the distribu-
tion of sample errors. 
An example which can lead to unfortunate ambiguity is independent variables, which 
may mean statistically independent or “input variables to a function/experiment” (as 
opposed to dependent variables, computed from the input). We use the first meaning. 
Since this document covers various fields, it was not possible to find all definitions in 
a single reference. We therefore combined several references. However, most of the 
definitions were adopted or inspired from the Encyclopaedia of operations research and 
management science (EORMS, [96]) and from the International vocabulary of metrology 
(IVM, [97]). We did not find a reference with the same consistency and authority as the 
IVM for the context of computerized experiments. So, we “extended” some of their 
definitions, with the modifications that we judged necessary. Most of the adopted def-
initions are given here without their justifications (apart from the reference where ap-
propriate). Since the process of creating a consistent vocabulary goes beyond the pur-
pose of this thesis, there certainly remain some inconsistencies. 
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A word or phrase in bold italics is defined in this Glossary. It serves at the same time 
as an Index for some terms. Pages in italics refer to pages, in this document, which are 
most relevant to these terms. Pages to bibliographic references are given in squared 
brackets: [ ]. Some subjects, which are developed more thoroughly in the Encyclopaedia 
of operations research and management science [96], are referenced when judged of poten-
tial interest to the reader. 
 










Accuracy of a measurement [computation], accurate(ly). “Closeness of agreement between a 
measured [computed] quantity value and a true [exact] quantity value of a measur-
and”. [IVM]  
We use the definition encouraged by the IVM and ISO 5727, rather than the common 
usage, which associate accuracy to systematic errors only. We also extend the usage 
of the IVM to computation (i.e., “measurement” on a computerized experiment).  
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Active constraint. “A constraint in an optimization problem that is satisfied exactly by the 
solution [i.e., equality is reached].” [EORMS, 1]  
See also inactive constraint. 
Air-excess ratio. The ratio of the air that is injected (into the fuel cell), with respect to the 
amount of air strictly needed (i.e., stoichiometric) for the complete electrochemical 
oxidation of the fuel that is injected. 
Aleatory uncertainty. An uncertainty which does not arise from a lack of knowledge, but 
is rather inherent to the random nature — acknowledged as such in the context — of 
the quantity to which it is associated. An aleatory uncertainty is therefore an irreduc-
ible uncertainty and is sometimes called a random uncertainty, due to the closeness to 
the concept of a random error.  
See also epistemic uncertainty. 
Algorithm. “A computational procedure whose application yields a solution to an associ-
ated class of problems.” [EORMS, 51] 
Ambiguity, ambiguous. Similar concept as vagueness, with the diﬀerence that an ambiguous 
statement lead to hesitating between a finite ensemble of possible “conclusions”, of-
ten of opposite nature, whereas a vague statement does not imply a countable num-
ber of alternatives. 
AĴribute. In the context of this document, an aĴribute is a property (parameter) defining a 
software simulator. It may be a built-in feature, but often needs an input, on which 
the outputs depend. But it is most often not an input of interest for the user regarding 
real-world quantities. As such, aĴributes can be seen as the constituents of simula-
tors, defining a transfer function between the “true” inputs and the outputs. An at-
tribute consists of a “name” (or key) and a “value”. It may be a quantity but is often 
a more complex object.  
Example : simulator ?? uses a fine mesh (quantifiable) and uses Sutherland’s correla-
tion to model viscosity’s dependence on temperature, whereas ?? uses a coarser mesh 
and viscosity is assumed constant. 
?? and ?? can both be used to run ? simulations with, e.g., inlet velocities and tem-
peratures (inputs) varying from ?? to ?? and ?? to ??  to compute pressure drops 
(output) ??? to ???  . The simulators are de facto two transfer functions ?? and ?? , 
such that ??? ? ?????? ????, with ?? ? ???????? ?????????????????. 
B 
Bootstrapping. “In forecasting, the term bootstrapping refers to models that have been de-
veloped by regressing an individual’s (or group’s) forecasts against the inputs that 
the individual used to make the forecasts.” [EORMS, 127] 
Bounded rationality. “The concept that a decision maker lacks both the knowledge and 
computational skill required to make choices in a manner compatible with economic 
notions of rational behaviour.” [EORMS, 130] 
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Bounded variable. “A variable ?? in a linear-programming problem that is required to sat-
isfy a constraint of the form ? ? ?? ? ?, ?? ? ?? ? ?, or ?? ? ?? ? ??, where ? is some 
positive constant and ?? ? ??.” [EORMS, 131] 
C 
Certainty factor. “A numeric measure of the degree of certainty about the goodness, cor-
rectness, or likelihood of a variable value, an expression (e.g., premise) value, or con-
clusion.” [EORMS, 160] 
Coeﬃcient of variation (CV). “The ratio of the standard deviation to the mean of a random 
variable.” [EORMS, 180]  
Also known as relative standard deviation, RSD, as used in this document. 
Combinatorial explosion. “The phenomenon associated with optimization problems 
whose computational difficulty increases exponentially with the size of the problem. 
One common paradigm is the traveling salesman problem.” [EORMS, 192] 
See also curse of dimensionality. 
Computational complexity. “The term computational complexity has two usages which 
must be distinguished. On the one hand, it refers to an algorithm for solving in-
stances of a problem: broadly stated, the computational complexity of an algorithm 
is a measure of how many steps the algorithm will require in the worst case for an 
instance or input of a given size. The number of steps is measured as a function of 
that size. The term’s second, more important use is in reference to a problem itself. 
The theory of computational complexity involves classifying problems according to 
their inherent tractability or intractability — that is, whether they are easy or hard to 
solve. This classification scheme includes the well-known classes P and NP; the terms 
NP-complete and NP-hard are related to the class NP.” [EORMS, 238] 
Computational resource. “A resource needed by some computational models in the solu-
tion of computational problems” [Wikipedia] 
This term refers and includes resources such as computation time, iterations, 
memory (RAM), and storage ; by extension, also refers to hardware and software 
required (or available) for computing. 
Concave function. “A function that is never below its linear interpolation. Mathematically, 
a function ???? is concave over a convex set ?, if for any two points, ?? and ?? in ? 
and for any ? ? ? ? ?, ?????? ? ?? ? ?????? ? ??????? ? ?? ? ????????.” [EORMS, 257] 
Constrained optimization problem. “A problem in which a function ???? is to be opti-
mized (minimized or maximized), where the possible solutions ? lie in a defined so-
lution subspace ?, which is usually determined by a set of linear and/or nonlinear 
constraints.” [EORMS, 267] 
Constraint. “An equation or inequality relating the variables in an optimization problem; a 
restriction on the permissible values of the decision variables of a given problem.” 
[EORMS, 267] 
Constriction. A narrower region in the geometry where a fluid flows (inverse of an aneu-
rysm). 
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Control variates. “In stochastic or Monte Carlo simulation, a variance reduction technique 
whereby a simulated random variable with known expectation (the control variate) 
is used to construct a more precise estimator by combining it (usually linearly) with 
another more standard estimator.” [EORMS, 280] 
Controllable variables. “In a decision problem, variables whose values are determined by 
the decision process and/or decision maker. Such variables are also called decision 
variables.” [EORMS, 280] 
Convex function. “A function that is never above its linear interpolation. Mathematically, 
a function ???? is a convex over a convex set ?, if or any two points ?? and ?? in ? for 
any ? ? ? ? ?, ?????? ? ?? ? ?????? ? ??????? ? ?? ? ????????.” [EORMS, 280] 
Cost of production. In the cost of production, we include the cost of raw materials, the cost of 
manufacture (i.e., production of elementary parts), the cost of treatment (e.g., thermal 
or chemical), the cost of assembly of the parts, the cost of quality control, and the cost of 
discarding (i.e., non-ideal yield) . We exclude the cost of R&D and of storage in this 
definition. 
Curse of dimensionality. “The situation that arises in such areas as dynamic programming, 
control theory, integer programming, combinatorial problems, and, in general, time-
dependent problems in which the number of states and/or data storage requirements 
increases exponentially with small increases in the problems’ parameters or dimen-
sions; sometimes referred to as combinatorial explosion.” [EORMS, 333] 
D 
Decision analysis. See [EORMS, 367]  
Decision problem. “The basic decision problem is as follows: Given a set of ? alternative 
actions ? ? ???? ? ? ???, a set of ? states of nature ? ? ???? ? ? ???, a set of ?? outcomes 
? ? ???? ? ? ????, a corresponding set of ?? payoﬀs ? ? ???? ? ? ????, and a decision cri-
terion to be optimized, ?????, where ? is a real-valued function defined on ?, choose 
an alternative action ?? that optimizes the decision criterion ?????.” [EORMS, 386] 
Decision variables. “The variables in a given model that are subject to manipulation by the 
specified decision rule.” [EORMS, 395]  
The input variables that are changed by the optimization algorithm to find a feasible 
optimal solution to the problem.  
See also controllable variables. 
Deep uncertainty. See [EORMS 396] 
Degradation of performance. Lowering of the performance due to wear of the product, but 
which does not prevent its operability, in contrast to failure. Without failure, the life-
time is determined by the rate of degradation and the minimal (guaranteed) specifi-
cations. 
Design variables. Variables describing the design of a product. They must be chosen before 
the final manufacture of the product. By opposition to operating variables, they can-
not be changed once the product is in operation. The designer has a direct influence 
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on them, although they may be interdependent. Typically hardware as opposed to 
software. Example: geometry, material, chemical treatment, etc. of a component.  
Deterministic algorithm. An algorithm that does not employ probabilistic elements (as op-
posed to a probabilistic algorithm). 
Deterministic model. “A mathematical model in which it is assumed that all input data and 
parameters are known with certainty [i.e., they are not random variables, as opposed 
to a stochastic model].” [EORMS, 409] 
Deterministic optimization. Optimization that does not involve random variables, neither 
in the objective function, nor in the constraint functions. The search process (algo-
rithm) may however introduce randomness. For diﬀerentiation, the laĴer kind of op-
timization are sometimes called stochastic optimization; but not in this thesis.  
See also stochastic optimization. 
Deterministic programming. A mathematical programming problem in which not any of 
the data are random variables, as opposed to probabilistic programming. 
Deviation variables. “Variables used in goal programming models to represent deviation 
from desired goals or resource target levels.” [EORMS, 412] 
Distributor. Part of a manifold which is inside each cell element (??-plane). 
Durability of performance. Property (quality) of the product regarding its ability to maintain 
performance with time, which means low degradation of performance. 
E 
Eﬃcient solution (non-dominated or Pareto-optimal solutions). See [EORMS, 476] 
Epistemic uncertainty. An uncertainty arising from a lack of knowledge in a given context, 
whether this lack is “chosen” or not. An epistemic uncertainty is therefore a reducible 
uncertainty and is sometimes called a systematic uncertainty, due to the closeness to 
the concept of a systematic error.  
See also aleatory uncertainty. 
Exactness of a computation / model (formulation), exact(ly). Closeness of agreement between 
the (average of an infinite number of replicate) computed value and a reference value. 
[inspired from the IVM, trueness of a measurement] 
The IVM defines true value and trueness of measurement. In this document, we extend 
the usage of exact value to the model itself — exact model — because we wish to em-
phasize where the uncertainties are formed, in addition to where they are contained, 
and appear. 
We chose to use exactness instead of trueness in the context of computerized experi-
ment for essentially two reasons: 1) because the notion of an “exact” mathematical 
model seems more self-explanatory to us than one of a “true” model ; and 2) to mark 
the distinction between experimental (physical) model and computerized (mathe-
matical) model, where the laĴer is usually deterministic — leading to cancellation of 
the phrase in parenthesis, since the average reduces to any realization of the model 
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in a deterministic context. 
See also accuracy, trueness, and precision. 
Explanatory modelling and analysis. See [EORMS, 532] 
F 
Failure. Any reason which makes the product completely inoperable (i.e., cannot satisfy 
minimal specifications), so that it requires a repair or a replacement.  
Failure-rate function. See [EORMS, 552] 
Feasible region. “The set of points that satisfy prescribed restrictions (constraints) on a so-
lution.” [EORMS, 533] 
Feasible solution. “A solution to an optimization problem that satisfies its constraints. In 
linear programming, these are the conditions ??? ? ? and ? ? ?.” [EORMS, 534] 
Flop/s. Floating-point operations per second are a measure of the performance of a com-
puter. The maximum theoretical number of flop/s achievable on common computer 
architecture is given by: ????? ? ??????? ? ???????????? ? ???????? ? ???????????. In 
real application, the maximum is much lower because of all sources of limitations 
such as memory bandwidth. [Wikipedia] 
Fuel utilization.  
Ratio of the fuel that is consumed by the electrochemical reactions into the fuel cells, 
with respect of the fuel that is injected into it. So the fuel utilization is the ratio be-
tween the actual current and the theoretical current (maximal), which could be ob-
tained if the total fuel flow were converted into electricity. The fuel utilization can be 
thought of as the current-eﬃciency, part of the electrical eﬃciency. 
Framing. “Refers to how a problem is presented to decision makers, or how they formulate 
it in their minds.” [EORMS, 609] 
G 
Global maximum (minimum). “For an optimization problem, the largest (smallest) value 
that the objective function can achieve over the feasible region.” [EORMS, 649] 
Gradient vector. [EORMS, 661] 
H 
Heavy-tailed distribution. “A probability distribution that has more probability in its tail 
than exponentially decaying densities such as the normal (Gaussian) and exponential 
distributions. Sometimes also called fat-tailed distribution, particularly in the finance 
community. The detailed technical definition may diﬀer in the literature, but a com-
monly used one is the following: The cumulative distribution function ? is heavy-
tailed if there exists a ? ? ? such that 
???
???
?????????? ? ? 
where the superscript ? denotes the complement. Special cases include long-tailed 
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distributions and sub-exponential distributions. The most commonly known heavy-
tailed distributions are also long-tailed and sub-exponential, including the lognor-
mal, Pareto, and Weibull with certain shape parameter values (one-tailed), and the 
student-?, Cauc[h]y, and family of stable distributions (two-tailed).” [EORMS,662] 
Hessian matrix. See [EORMS, 694] 
Heuristic procedure. “For a given problem, a collection of rules or steps that guide one to 
a solution that may or may not be optimal. The rules are usually based on the prob-
lem’s characteristics, intuition, hunches, good ideas, or reasonable processes for 
searching.” [EORMS, 695] 
I 
Importance sampling. “In stochastic or Monte Carlo simulation, a variance reduction tech-
nique whereby the underlying probability distribution is altered to increase the prob-
ability of (1) simulating events of highest interest, such as rare events, or (2) sampling 
from regions that have a larger eﬀect on the quantity being estimated, such as a high-
dimensional integral.” [EORMS, 750] 
Imputation of data. Imputation, also known as Winsorisation, is a method of censoring 
data. Ideally, only aberrant, obviously wrong data, are imputed, not outliers. “Note 
that Winsorising [imputing] is not equivalent to simply excluding data, which is a 
simpler procedure, called trimming or truncation. In a trimmed estimator, the ex-
treme values are discarded; in a Winsorized [imputed] estimator, the extreme values 
are instead replaced by certain percentiles (the trimmed minimum and maximum).” 
[Wikipedia] 
Inactive constraint. “An inequality constraint of an optimization problem that is satisfied 
as a strict inequality.” [EORMS, 750]  
See also active constraint. 
(In)dependent variables. Variables that are statistically (in)dependent.  
Also often used in literature as meaning input (output) variables of a function (or 
system, model, …), although input variables are not necessarily statistically inde-
pendent. For this reason, we prefer to use “input variables” in that case. 
If ? and ? are independent random variables, then the expectation operator has the 
property ?????? ? ????????? and the covariance ?????? ?? ? ? . However, a null co-
variance (no linear correlation) does not imply independence. [Wikipedia] 
Integer and combinatorial optimization. See [EORMS, 771] 
Interval of confidence. The interval of confidence is defined as ?? ? ???? ? ??, with ? the 
variable of interest and ? the margin of error. An interval of confidence is computed 
for a chosen level of confidence ?? ? ??. 
Inverse transform method. “In stochastic or Monte Carlo simulation, a method for sam-
pling from a given probability distribution by using random numbers transformed 
by the inverse of the cumulative distribution function.” [EORMS, 815] 




Karush-Kuhn-Tucker (KKT) conditions. “The KKT conditions are necessary conditions 
that a solution to a general nonlinear-programming problem must satisfy, provided 
that the problem constraints satisfy a regularity condition called constraint 
qualification. If the problem is one in which the constraint set (i.e., solution space) is 
convex and the maximizing (minimizing) objective function is concave (convex), the 
KKT conditions are sufficient. Applied to a linear-programming problem, the KKT 
conditions yield the complementary slackness conditions of the primal and dual 
problems.” [EORMS, 833] 
L 
Lagrange multipliers. “The multiplicative, linear-combination constants that appear in the 
Lagrangian of a mathematical programming problem. They are generally dual vari-
ables if the dual exists, so-called shadow prices in linear programming, giving the 
rate of change of the optimal value with constraint changes, under appropriate con-
ditions.” [EORMS, 845] 
Level of confidence. ??? ? ??.  
See also interval of confidence. 
Lifetime. The time during which the product can work under acceptable conditions. These 
acceptable conditions may vary, but typically, it means for a fuel-cell that it should 
be able to supply for instance ca. ???  of its nominal (rated) power. 
Likelihood ratio method. “A method for gradient estimation in simulation used for sensi-
tivity analysis and optimization; also known as the score function method.” [EORMS, 
880] 
Linear programming. See [EORMS, 882] 
Local maximum. “A function ???? defined over a set of points ? is said to have a local max-
imum at a point ?? in ? if ????? ? ???? for all ? in a neighbourhood of ?? in ?. The 
point ?? is referred to as a local optimum (maximum).” [EORMS, 891] For a local 
minimum, replace ? by ?. 
Lower-bounded variables. See [EORMS, 908] 
M 
Manifold. A mechanical part whose geometry is such that fluid is split or combined.  
In this document, distribution columns refers specifically to the part of manifolds, 
which supply to and collect from each cell element of the stack (principal flow direc-
tion in ?). We use distributor to refer to the part of the manifold which is inside each 
cell element (??-plane), and performance. in this document, performance usually re-
lates to all quantities of interest which describe the “output” of the (fuel cell) product 
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at a given time. that is, mainly, electrical power and eﬃciency. sometimes, perfor-
mance is used more broadly, referring to the “selling specifications” or “qualities” of 
a product, such as lifetime, size, and cost. 
plenum chamber to refer to a part of the distributor which is a stabilization/mixing cham-
ber, when these parts exist. 
Markov Chain Monte Carlo (MCMC). See [EORMS, 925] 
Mathematical model. “An idealized — abstract and simplified — [mathematical] represen-
tation of a real-world situation that is to be studied and/or analysed. Models can be 
classified in many ways. […] a symbolic or mathematical model represents a sym-
bolic representation of the process under investigation, e.g., Einstein’s equation ? ?
????, a linear-programming model, or a computer simulation model. […] In opera-
tions research/management science, mathematical models take on varied forms (e.g., 
linear programming, queueing, Markovian systems), many of which can be applied 
across application areas. The basic OR/MS mathematical model can be described as 
the decision problem of finding the maximum (or minimum) of a measure of eﬀec-
tiveness (objective function) ? ? ???? ??, where ? represents the set of possible solu-
tions (alternative decisions) and ? the given conditions of the problem. Although a 
rather simple model in its concept, especially since it involves the optimization of a 
single objective, this mathematical decision model underlies most of the problems 
that have been successfully formulated and solved by OR/MS methodologies.” 
[EORMS, 949, 983] 
Numerical model is usually understood as the implementation of a mathematical 
model in a computer code. 
Maximum. A function ???? is said to have a maximum on a set ? when the least upper 
bound of ???? on ? is assumed by ???? for some ?? in ?. Thus, ????? ? ???? for all ? 
in ?. [Minimum: lower instead of upper and ? instead of ?] [EORMS, 958] 
Measurand. “Quantity intended to be measured (computed)” [We may suggest computand 
as an equivalent in computational context; otherwise, measurand extends to it]. 
[IVM] 
Measured [computed] value. “value of a measured [computed] quantity”. [IVM] 
Measure of eﬀectiveness (MOE). “In a decision problem, the single objective that is to be 
optimized is called the measure of eﬀectiveness (MOE). In a linear-programming 
problem, the MOE is the objective function.” [EORMS, 959] 
Metaheuristics. See [EORMS, 960] 
Metamodeling. “For simulation models, the objective is to provide an explicit input-output 
relationship through a fiĴed mathematical function, e.g., using statistical regression, 
splines, neural networks, or kriging. Diﬀers from the use of the term in computer 
science.” [EORMS, 970] 
Minimum (maximum) feasible solution. “In a mathematical-programming problem, the 
solution that both satisfies the constraints of the problem and minimizes (maximizes) 
the objective function is a minimum (maximum) feasible solution. Such solutions 
may not be unique.” [EORMS, 981] 
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Model evaluation. See [EORMS, 984] 
Monte Carlo methods. “General term used to refer to the use of random numbers in a par-
ticular methodology, e.g., evaluating a high-dimensional deterministic integral or 
carrying out a randomized algorithm or simulation of a stochastic system, all based 
on statistical sampling techniques. The term “Monte Carlo” signifies the random or 
uncertain component that characterizes the method and was coined in the 1940s by 
physicists working on the ManhaĴan nuclear weapons project, an allusion to gam-
bling in Monte Carlo casinos.  
One of the strengths of the Monte Carlo method is that in many applications its com-
putational burden grows only linearly in the dimension of problems where other 
methods suﬀer from an exponential (geometric) growth in computation.” [EORMS, 
991] 
Monte Carlo simulations. “Simulation of systems modelled using random variables and/or 
stochastic processes. The underlying inputs are generally random numbers, se-
quences of independent and identically distributed random variables uniformly dis-
tributed on the unit interval.. Monte Carlo simulation is one of the most widely used 
tools in operations research and management science (OR/MS) and can be used to 
provide detailed models of complex systems arising in various OR/MS fields from 
manufacturing to transportation to computer/communications networks to financial 
engineering. […]” [EORMS, 992] 
 
Multi-objective programming. See [EORMS, 996] 
Multiple criteria decision making. See [EORMS, 1007] 
Multivariate quality control. See [EORMS, 1014] 
N 
Near-optimal solution. “For an optimization problem, a near-optimal solution is a feasible 
solution with an objective function value within a specified range from the (usually 
unknown) optimal objective function value.” [EORMS, 1025] 
Network optimization. See [EORMS, 1026] 
Neural networks. See [EORMS, 1042] 
Nominal value (of a quantity). “Rounded or approximate value of a characterizing quantity 
of a (measuring instrument or measuring) system that provides guidance for its ap-
propriate use.” Should not be confused with nominal property of a phenomenon, 
body, or substance, where the property has no magnitude (but a “name”). [IVM] 
Nonlinear programming. See [EORMS, 1053] 
Numerical analysis. See [EORMS, 1064] 
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O 
Objective function. “The mathematical expression that is to be optimized (maximized or 
minimized) in an optimization problem.” [EORMS, 1069] 
Open-source software (for OR). See [EORMS, 1070] 
Operating variables. Variables that can change after the manufacture of the product, and 
which determine its state. They are either controlled (e.g., flow rates) or not (e.g., 
ambient temperature surrounding the system). Other examples: Fuel composition, 
inlet air temperature, level of pressure. 
Opportunity cost. “The cost associated with forgoing an opportunity; the money or other 
value sacrificed by choosing a non-optimal course of action. In linear programming, 
the opportunity cost is the reduced cost of a variable not in the optimal basic solution. 
If a unit of a non-basic variable is introduced into the solution, the optimal value of 
the objective function would decrease by an amount equal to the associated reduced 
cost.” [EORMS, 1091] 
Optimal computing budget allocation. See [EORMS, 1091] 
Optimal feasible solution. “For an optimization problem, an optimal feasible solution is a 
solution that satisfies all the constraints of the problem and optimizes the objective 
function.” [EORMS, 1091] 
Optimal value. “The best value that can be realized or aĴained; for a mathematical pro-
gramming problem, the minimum or maximum value of the objective function over 
the feasible region.” [EORMS, 1092]  
Optimal value function. “The optimal value of a mathematical programming problem as 
a function of problem parameters, such as objective function coefficients. Also the 
name given to the function satisfying the Bellman optimality equation in a Markov 
decision process or dynamic program, especially in a revenue/profit maximization 
problem; otherwise sometimes known as the optimal cost-to-go function for a cost 
minimization problem.” [EORMS, 1092] 
Optimality criteria. “Mathematical conditions used to test whether or not a given feasible 
solution is optimal in an optimization problem. Examples include the Karush-Kuhn-
Tucker conditions for some nonlinear-programming problems; the simplex algo-
rithm test applied to the reduced costs of the non-basic variables for linear-program-
ming problems; the Bellman optimality equation for dynamic programming, and the 
Hamilton-Jacobi-Bellman equation for optimal control.” [EORMS, 1092] 
Optimization. “The process of searching for the best value that can be realized or aĴained. 
In mathematical programming, this [best value] is the minimum or maximum value 
of the objective over the feasible region.” [EORMS, 1092] 
Usually, the term optimization is used in this thesis with the meaning of using an al-
gorithm (mathematical programming). In contrast, improvement does not involve an 
algorithm. Although optimization is the process of searching for the best (optimal) 
value, we may decide to stop the process when satisfied with the current best value. 
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Optimizer (minimizer, maximizer). Value of the decision variables corresponding to a (lo-
cal) optimum of the objective function. 
Optimum. Optimal value (of the objective function over the feasible region). 
Ordinal optimization. “In the simulation optimization seĴing, an approach that exploits 
the property that it is easier to select the correct order among noisy measurements 
than to obtain precise estimates, i.e., ordering converges faster (exponentially) than 
estimation.” [EORMS, 1093] 
Output quantities (in a measurement [computational] model). “Quantity, the measured 
[computed] value of which is calculated using the values of input quantities in a meas-
urement [computational] model. [IVM] 
P 
Parallel computing. See [EORMS, 1103] 
Parameter. “A quantity appearing in a mathematical model that is subject to controls be-
yond those aﬀecting the decision variables.” [EORMS, 1107] Parameters are not var-
iables stricto sensu , i.e. they are constant in a realization of a model. Caution: “pa-
rameter” is also used in the statistical framework to describe a population (its 
distribution) with a numerical characteristic. 
Pareto-optimal solution. “If a feasible deviation from a solution to a multi-objective prob-
lem causes one of the objectives to improve while some other objective degrades, the 
solution is termed a Pareto-optimal. Such a solution is also called an efficient or non-
dominated solution.” [EORMS, 1112] 
Performance. In this document, performance usually relates to all quantities of interest 
which describe the “output” of the (fuel cell) product at a given time. That is, mainly, 
electrical power and eﬃciency. Sometimes, performance is used more broadly, refer-
ring to the “selling specifications” or “qualities” of a product, such as lifetime, size, 
and cost. 
Plenum chamber. Part of a distributor which is a stabilization/mixing chamber. 
Post-optimal analysis. “The study of how a solution changes with respect to (usually) small 
changes in the problem’s data. In particular, this term is applied to the sensitivity 
analysis and parametric analysis of a solution to a linear-programming problem.” 
[EORMS, 1148] 
Precision, precise(ly); 
of a measurement. “Closeness of agreement between indications or measured quan-
tity values obtained by replicate measurements on the same or similar objects under 
specified conditions.” [IVM] 
of a computation. Resolution of the representation, depending typically on the num-
ber of significant digits, on the discretization, and other similar characteristics of nu-
merical implementation of a mathematical model. [adapted from Wikipedia] 
See also accuracy, exactness, and trueness. 
Practice of OR and MS. See [EORMS, 1148] 
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Predictive model. “A model used to predict the future course of events and as an aid to 
decision making.” [EORMS, 1156] 
Prescriptive model. “A model that aĴempts to describe the best or optimal solution of a 
man/machine system. For a decision problem, such a model is used as an aid in se-
lecting the best alternative solution.” [EORMS, 1159] 
Probabilistic algorithm. “An algorithm that employs probabilistic elements (as opposed to 
a deterministic algorithm).” [EORMS, 1161] 
Probabilistic programming. “A mathematical programming problem in which some or all 
of the data are random variables [as opposed to deterministic programming].” 
[EORMS, 1161] 
Probability density function (PDF). Derivative ???? of a cumulative probability distribu-
tion function ????, when it exists.” [EORMS, 1161] 
Probability distribution. “Term used (loosely) to refer to a function describing the proba-
bilistic behaviour of a random variable; could refer to the probability measure, the 
cumulative distribution function (CDF), the probability mass function (PMF) for dis-
crete random variables, or the probability density function (PDF) for continuous-val-
ued random variables.” [EORMS, 1162] 
Q 
Quadratic programming. See [EORMS, 1207] 
Quality. Quality is a fuzzy concept. Although, by definition, a quality is not a quantity 
— and therefore cannot be expressed with numbers nor units, or may not even have 
a magnitude — to quantify the quality of a product (or a service) is often desirable. Quan-
tifiable indicators of quality can be estimated for that purpose. For instance, lifetime 
is quantifiable and can be associated to “one particular quality” of a product. 
Quality control. See [EORMS, 1215] 
Quantity. “Property of a phenomenon, body, or substance, where the property has a mag-
nitude that can be expressed as a number and a reference.” [IVM, 2] 
Quantity of interest (QOI). Any quantity (variable) whose value is important to take a de-
cision. It can be both input and output, it often appears explicitly in the objective 
function or in the constraints of an optimization problem. 
R 
Random error. “Component of measurement error that in replicate measurements varies 
in an unpredictable manner.” [IVM] 
See also systematic error and aleatory uncertainty. 
Random field. “A stochastic process with a multi-dimensional index set; for example, 
????? ??? ?? ? ?? ? ? ?? , where ???? ?? equals the amount of rain falling during a 
given day at location ??? ??.” [EORMS, 1256] 
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Random search. “A search algorithm that uses probabilistic sampling to select search points 
from a neighbourhood of the current solution(s).” [EORMS, 1263] 
Random variates. “Random values generated according to a specified probability distribu-
tion, corresponding to the outcomes of a random variable. Generally, this is realized 
on a computer through a transformation from IID pseudorandom numbers. The 
most commonly used procedures are the inverse transform method (inversion) and 
acceptance-rejection (rejection methods).” [EORMS, 1263] 
Randomized algorithm. “An algorithm that employs a probabilistic element in its proce-
dure, as in Monte Carlo sampling implemented using a random number generator. 
Thus the performance of the algorithm, in terms of results returned and computation 
time, will be random variables. Examples include random search, evolutionary algo-
rithms, model-based algorithms, and algorithms based on swarm intelligence.” 
[EORMS, 1264] 
Reasoning. “A problem-solving process. Two paradigms are logical and analogical reason-
ing. Logical reasoning includes deductive and inductive. Deductive reasoning is arriving 
at a conclusion from premises and rules of inference. Inductive reasoning is forming a 
general conclusion that explains multiple observations. Analogical reasoning uses 
analogy of a current situation to familiar ones from previous experiences. One para-
digm for analogical reasoning is a neural network.” [EORMS, 1280] 
Redundancy. See [EORMS, 1280] 
Redundant constraint. “An inequality or equation of a mathematical programming prob-
lem that does not define part of the solution space. An equivalent problem can be 
formed by removing redundant constraints.” [EORMS, 1282] 
Regression analysis. See [EORMS, 1289] 
Reliability, reliable. “The ability of a component or system to be operable when called upon 
to do its intended job. Reliability is most often quantified as the probability that the 
component or system has not failed (is alive) at a particular time: ???? ?
????????????? ? ??? ? ? ? ????, where ? is the cumulative distribution function of the 
lifetime of the component or system. This reliability function is often also called the 
survival function.” [EORMS, 1292] 
Reliability is a quality of a product characterizing its ability to work without failure 
during a specified duration (time). This definition is somehow overlapped with that 
of robustness, but with emphasizes on the notion of duration rather than that of in-
sensitivity. 
Reliability of stochastic systems. See [EORMS, 1292] 
Research and development. See[ EORMS, 1298] 
Response surface methodology. See [EORMS, 1307] 
Risk assessment. See [EORMS, 1331] 
Robust optimization. See [EORMS, 1346] 
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Robustness, robust. Quality of the product regarding its ability to maintain performance under 
uncertainty, which means that its sensitivity to them is low. This definition is some-
how overlapped with that of reliability, but with emphasizes on the notion of insen-
sitivity rather than that of duration. Durach [98] suggested that robustness has two 
dimensions: resistance and avoidance. 
Robustness analysis. See [EORMS, 1346] 
Round-oﬀ error. “The computational error due to the significant-digit arithmetic inherent 
in digital calculations.” [EORMS, 1347] 
S 
Sample average approximation. See [EORMS, 1350] 
Satisficing. “In a decision problem, the selection by the decision maker (DM) of a satisfac-
tory alternative as opposed to the selection of an “optimal” alternative. Here, the DM 
sets aspiration levels or acceptable levels on the outcomes and chooses the (first) al-
ternative that satisfies these levels. This compromise selection is due to the DM’s in-
ability to encompass all the complexities of the decision problem and/or lack of a 
method that can determine an optimal solution [in an acceptable time and budget]. 
The concept is due to Herb Simon (1955, 1957).” [EORMS, 1355] 
Scaling. “The pre-solution transformation of the data of a problem that aĴempts to make 
the magnitudes of all the data as close as possible. Such scaling is important for math-
ematical- and linear-programming problems as it helps to reduce round-oﬀ error. 
Most mathematical-programming systems have a SCALE command that automati-
cally adjusts the magnitudes of the data in the rows and columns. This can be done 
by multiplying the technological coefficient matrix ? by suitable row and column 
transformation matrices. A frequently used scaling algorithm is to divide each row 
by the largest absolute element in it, and then divide each resulting column by the 
largest absolute element in it. This ensures that the largest absolute value in the ma-
trix is ??? and that each column and row has at least one element equal to ??? .” 
[EORMS, 1356] 
Scenario. “The set of conditions and characteristics that define the situation or environment 
under which a system or policy has to perform. There is often a baseline scenario (what 
will happen if trends continue) and an ideal scenario (what future one would like to 
have). In stochastic programming, a scenario represents a possible future uncertain 
outcome (or sample path).” [EORMS, 1356] 
Sensitivity, sensitive. “Quotient of the change in an indication of a measuring system and 
the corresponding change in a value of a quantity being measured.” [IVM]  
More generality, the sensitivity of ? to ? is the ratio of the change of an output quan-
tity ? when an input quantity ? is changed. At a point ??, the local sensitivity is the 
partial derivative ?? ??? ??? . 
Sensitivity analysis. See [EORMS, 1379] 
Simulated annealing. See [EORMS, 1395] 
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Simulation metamodeling. See [EORMS, 1404] 
Simulation of stochastic discrete-event systems. See [EORMS, 1410] 
Simulation optimization. See [EORMS, 1418] 
Simulator. An artificial means used to represent the functioning of a real-world system, 
generally falling into two categories: physical simulator (e.g., a bench to test a single-
cell element of a fuel-cell system, a scaled dam) and computer simulator. The laĴer is 
made of a computer code (software), which is an implementation of a mathematical 
model of the system, and is run on some computer(s) (hardware). [adapted to the 
context of this document from EORMS, 1423] 
Deterministic computer models are sometimes excluded from this definition. Be-
sides, in this document, a particular simulator is defined by aĴributes having a par-
ticular set of values, whereas such a single simulator may be used to carry out N sim-
ulations with ? deterministic sets of values of “real-world” quantities. 
Slack variable. See [EORMS, 1424] 
Solution. “A set of values for the variables of a problem that satisfy all the constraints of the 
problem.” [EORMS, 1437] 
Solution space. “For a constrained mathematical programming problem, the solution space 
is a portion of Euclidean space defined by all the constraints of the problem. For a 
linear-programming problem, the solution space is defined by the intersection of the 
nonnegative portion of Euclidean space and the constraints of the problem.” 
[EORMS, 1437] 
Splines. See [EORMS, 1443] 
Stationary stochastic process. “A stochastic process in which the state probability distribu-
tions are invariant over time” 
Statistic. A quantity characterizing (statistical) data, calculated from sample data. For in-
stance, the arithmetic mean and the standard deviation are two diﬀerent statistics. 
When calculated from a population, the term (statistical) parameter is sometimes used 
instead. Of course, statistics (always plural) is also “the study of the collection, anal-
ysis, interpretation, presentation, and organization of data” [99]. 
Stochastic approximation. See [EORMS, 1470] 
Stochastic input model selection. See [EORMS, EORMS, 1476] 
Stochastic model. “A mathematical model in which some data and parameters are random 
variables.” [EORMS, 1486] 
Stochastic optimization. “Optimization in which the objective function and/or constraint 
functions are “noisy,” i.e., involve random variables (e.g., expected values) that can-
not be evaluated analytically and thus require estimation, such as through simulation 
of a stochastic system. Sometimes the term is also used to refer to deterministic opti-
mization problems that introduce randomness in the search process, i.e., the result-
ing procedures are randomized algorithms for optimization.” [EORMS, 1486] 
See also simulation optimization. 
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Stochastic process. “A set of random variables indexed over a parameter set that is either 
discrete or continuous and often represents some concept of time.” [EORMS, 1486] 
Stochastic programming. See [EORMS, 1486] 
Structural variables. “The original variables of a linear-programming problem as diﬀeren-
tiated from slack, surplus and artificial variables. Structural variables are usually the 
variables of interest and have a physical interpretation such as production or ship-
ments. They appear in the original defining inequalities or equations prior to the con-
version of the problem to all equations.” [EORMS, 1499] 
Subjective probability. See [EORMS, 1504] 
Sub-optimization. “The finding of a solution to an optimization problem by a procedure 
that does not guarantee that the solution will be optimal. The procedure usually in-
cludes heuristic rules that help eliminate the generation of poor solutions.” [EORMS, 
1504] 
System. “A set of related elements organized to achieve a purpose.” [EORMS, 1519] 
Systematic error. “Component of measurement error that in replicate measurements re-
mains constant or varies in a predictable manner.” [IVM] 
See also random error and epistemic uncertainty. 
T 
Tabu search. See [EORMS, 1537] 
Theory of constraints. See [EORMS, 1545] 
Tolerance, dimensional. Tolerance about the angular and linear dimensions. 
Tolerance, geometric. Tolerance about property of the geometry but not directly to dimen-
sions. Property such as perpendicularity, parallelism, planarity, concentricity. 
Total quality management. See [EORMS, 1556] (also Taguchi loss function) 
Total cost of ownership. The cost of using a product, until (but not including) its disposal. 
This includes the fixed costs of investment for the owner (including all components 
constituting the price at which the seller agrees to sell: R&D, production, marketing, 
storage, margin, etc.) and the operating cost (resources consumed in operation, 
maintenance, etc.). 
See also cost of production. 
Tractability, tractable. Characteristic of how easily an action can be done. In our case, solv-
ing a problem by using computer means, such as simulations, uncertainty quantifi-
cation, optimizations, etc. A measure of it (typically including CPU-time and RAM). 
We do not use here the definition specific to the theory of computational complexity 
(i.e., that a tractable problem can be solved in polynomial time).  
Trueness. “Closeness of agreement between the average of an infinite number of replicate 
measured value and a reference value.” [IVM]  
See also accuracy, exactness, and precision. 
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U 
Uncertain variables. Variables whose value is not known with certainty; which is stochastic 
and considered as such, rather than deterministic or assumed as such. 
Uncertainty (of a measurement [computation]). “non-negative parameter characterizing 
the dispersion of the values of the quantity being aĴributed to a measurand, based 
on the information used.” [IVM] 
Uncertainty quantification (UQ). Uncertainty quantification is an elaborated version of 
sensitivity analysis. Whereas sensitivity analysis usually looks at a small set of input 
variations around a nominal value (e.g., extreme cases, or ????? ), the purpose of 
UQ is to characterize the statistical distribution of the random variable. Besides, un-
certainty quantification involves the characterization of both input and output vari-
ables. 
Uncontrollable variables. “In a decision problem, variables and other elements of a deci-
sion problem that are not under the control of the decision maker.” [EORMS, 1587] 
Unrestricted variable. “A variable that can take on any value.” [EORMS, 1588] 
Utility theory. See [EORMS, 1593] 
V 
Vagueness. Lack of knowledge to conclude.  
See also ambiguity. 
Validation. “The process of determining how well a mathematical model of a real-world 
system conforms to reality for the purposes of the study being undertaken. Two key 
aspects of validity are face validity and predictive validity. Face validity is based on 
an examination of the assumptions and data going into the model for logical con-
sistency and the review of the results by experts knowledgeable in the real-world 
situation. Predictive validity is based on examining the model’s predictions for events 
that were not used in building the model.” [EORMS, 1597] 
To distinguish validation from verification, this mnemonic expression is often used: 
“Solve the right equations (validation), versus solve the equations right (verifica-
tion).” 
Value function. “In a decision problem, let ? be a feasible alternative from the set of all 
feasible alternatives ?. Each alternative is measured against ? aĴributes ???? ? ? ???. 
The decision maker’s (DM) problem is to choose an alternative ? ? ? that maximizes 
the payoﬀ vector of scores ??????? ? ? ?????? ? ????. The value function is a real-val-
ued, scalar function ???? with the property that ??????? ? ??????? if and only if the 
DM prefers alternative ? to alternative ?; and ??????? ? ??????? if and only if the DM 
is indiﬀerent between alternative ? and alternative ?. A similar concept can be found 
in dynamic programming and Markov decision processes.” See [EORMS, 1598] 
Variability. In this document, variability is used as a shorthand synonym for aleatory un-
certainty, or more precisely, as the variation of the values of an aleatory uncertain 
quantity (random variable). 
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Variables. See design v., decision v., controllable v., random v., uncertain v., uncontrollable 
v., and parameters. 
Variance reduction techniques in Monte Carlo methods. See [EORMS, 1598] 
Verification. “For a mathematical model, especially a computer-based one such as a simu-
lation model, verification is the process by which the computational procedure (com-
puter program or software) is checked to determine if it is error free (debugged) and 
the determination that the model, as represented by the calculations or software, 
does what the analyst intended. A model is said to be verified if it (the computation) 
correctly executes the intended calculations.” [EORMS, 1618] 
To distinguish verification from validation, this mnemonic expression is often used: 
“Solve the equations right (verification), versus solve the right equations (valida-
tion).” 
Verification, validation, and testing of models. See [EORMS, 1618] 
Visualisation. See [EORMS, 1627] 
W 
Worst-case analysis. “For an algorithm and associated problem, the determination of an 
upper bound on the number of steps that the algorithm can take on any instance of 
the problem. For an optimization problem and an associated heuristic or suboptimal 
algorithm, worst-case analysis may include a statement regarding bounds on how 
far the objective function value for the solution returned by the algorithm can be from 
the true optimal value.” [EORMS, 1641] 
X 
Y 
Yield. In the context of industrial production, the number of units that satisfy the criteria of 
a quality-control divided by the total number of units controlled.  
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